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Lecture 1. Canonical formalism of dynamical systems and local gauge
invariance

Canonical formalism and canonical quantization.

e From quantum mechanics (QM) to quantum field theory (QFT). Lorentz invariance, ghosts and gauge
invariance.

Relativistic particle.

Electromagnetic and Yang-Mills (YM) fields.

1.1 Canonical formalism and canonical quantization

As is well known from quantum mechanics physical phenomena have quantum nature, and the same is expected
to be true for more complicated than mechanical physical systems described by fields. So quantum field theory
is the extension of known principles of canonical quantization to field systems with infinite number of degrees
of freedom. So let us start describing this extension by first giving the most general formulation of canonical
quantization for a generic dynamical system with a finite number of degrees of freedom — generalized coordinates
q', i =1,2,..n. Let the action of this system with the Lagrangian L(q,q) be

dq’

- (1.1)

Slg) = / dL(g,d),

Classically the evolution of these coordinates ¢*(¢) is determined by Euler-Lagrange equations of motion which
can be converted to the form of first order differential equations in time by the transition to the canonical
formalism. This begins with the introduction of canonical momenta p; conjugated to coordinates

oL

= 1.2
Pi = g (1.2)

which are in one-to-one correspondence with the velocities ¢ = det ¢*(q, p) as functions of q and p provided the
invertibility of the Hessian matrix 0?L/9¢'0¢’ of L(q, ¢) with respect to velocities,

2

>’L o
—_— ' = ' . 1-
° 5500 #0 =4 =q(q,p) (1.3)

Then the Legendre transform to the Hamiltonian H (g, p) — the function on the phase space of coordinates and
momenta,
(1.4)

L(g,q) = H(g,p) = [pid" = L(0,9) | y— (g )
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allows one to rewrite the Lagrangian action (1.1) in the canonical form

Slq,p] = /dt (pig" — H(q,p))- (1.5)

Its variation with respect to phase space coordinates and momenta treated as independent variables yields the
Hamiltonian equations of motion,
. OH
q =
Op;

OH

={¢",H}, pi=——
{¢,H}, p o0

in terms of the Poisson bracket defined for any pair of phase space functions A = A(q, p) and B(q, p)

0A 0B 0AO0OB
0q' Op;  Op; Oq*
Canonical quantization of such a system then consists in promoting the phase space variables and their

Hamiltonian to the level of operators ¢, p; and fI, which act in the Hilbert space of physical states [ (t)) and
satisfy instead of the Poisson bracket relations the canonical commutation relations

{4,B} =

(1.7)

ap—a.p, He—H, {d,pj} =20 —[¢ p;]=ihd.. (1.8)

The physical state is supposed to evolve in time via the Schroedinger equation with the quantum Hamiltonian
H

’ . P R
iho, [W(t)) = H[¢(2)) - (1.9)

Within such most general setup quantization consists in the solution of two major problems — the calculation
of the probability of transition between the initial state |1)1(¢1)) prescribed at some initial moment of time ¢;
and the final state [(t3)) at 5 or the calculation of the expectation value of some physical observable O in
the evolving quantum state as a function of time

| (ha(ta) |91 (t1) ) |* = Prso
(1.10)

(D) O]e(t)) = (0) (t).

1.2 From QM to QFT. Lorentz invariance, ghosts and gauge invariance

To simplify the formalism we will in what follows work in the universal system of units and also use the
(— + ++)-signature of the flat spacetime Lorentzian metric 7,,,,

h=c=1, n, =dag(-1,1,1,1), (1.11)

where Greek indices will be the labels of spacetime coordinates z = z#, 1 = 0,1,2,3, 2° = ¢, while spatial
coordinates x = z* will be basically labeled by the letters from the second half of Latin alphabet. The transition
from QM with finite number of degrees of freedom to QFT of a scalar ¢(x), spinor ¢4 () (A is the spinor index),
vector A, (), metric g, (z), etc. fields

qi(t) — o(t, x); ’(/JA(t7X), ALt %), g (t,x), ..., (1.12)

implies that the index i of ¢*(¢) acquires an infinite continuous range, i — x, (x, A), (x, i), (X, uv), ... associated
with the continuum of spatial points.

For Lorentz-invariant theories, which we will basically consider, all these fields belong to the representation of
O(3,1) Lorentz group preserving the Lorentzian metric n,,. Starting with spin one vector field this immediately
leads to the following problem. For the sake of Lorentz invariance the vector index of A, = (4g, A) in the
Lagrangian should be obviously contracted with the aid of the contravariant metric 7. For the kinetic term
of the action this means that A% enters the Lagrangian with the negative sign,
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so that the energy of the zeroth component of the vector field is not positive definite. This implies instabilities
and leads to inconsistent theory both at the classical and quantum levels. The way to circumvent this difficulty
is to use the property of local gauge invariance which excludes the “bad” mode from the spectrum of all physical
modes. Let us demonstrate this property on the examples of mechanical relativistic particle and two field
systems — electromagnetic and Yang-Mills fields.

1.3 Relativistic particle

The Lagrangian and the action of a relativistic particle moving in spacetime of ¢° = z* along the trajectory
aH(t) read

L(z,&) = —my/—nuari¥ = —m\/ —i2?, (1.14)
Slz(t)] = fm/dt\/ —q2. (1.15)

The action is invariant under one-dimensional diffeomorphism ¢ — ¢ = #/(¢), 2(t) — 2/(t') = z(¢), which in the
infinitesimal form can be written down as

Pt (1), Aat() = 2 (8) — ot (1) = o) — FOF(E) — 2" (8) + O(f?) = —f(at(t),  (116)

where f(t) is a small parameter of the transformation arbitrarily depending on time. This arbitrary time depen-
dence means that this transformation is local. Such transformations we will call local gauge transformations.
Note that in the definition of Afx#(t) we compare x#(t) and z'*(t) at one and the same value of the time
parameter. As we will see now this local gauge invariance leads to peculiar canonical formalism of the theory.

One can directly check that the condition of the invertibility (1.3) of the matrix 9>L/di+ 93" is violated, so
that the original velocities ©# cannot be expressed as functions of the momenta

WV

mx
p# = nuyﬁa

and the momenta themselves are not independent and satisfy the identity p? +m?2 = 0, p? = n* pup,. We will
call the left hand side of this identity the constraint function or simply the constraint,

(1.17)

T(p) = p* + m?. (1.18)

Moreover, the Hamiltonian turns out to be numerically identcally vanishing, p,#* — L = 0, even though we
cannot a priori express it in terms of coordinates and momenta (because the velocities are not expressible as
functions of momenta). Therefore, the canonical action of the form (1.5) with H = 0 is unlikely to lead to the
correct equations of motion. This is obvious because the momenta are subject to the constraint T'(p) = 0 and
cannot be varied as independent variables. This difficulty can be circumvented by considering the conditional
variational principle by including into the action the constraint function with an arbitrary Lagrange multiplier
N

b

Slx,p,N| = /dt(p#dc“ — NT(p)), (1.19)
and varying the total action with respect to the full set of z*, p, and N. This gives the set of equations
pp =0, ¥ —2Nn"p, =0, T(p)=0. (1.20)

Substitution of the solution of the second equation p, = #,/2N into the constraint allows one to find N as
N = ++/—22 and recover from the first of these equations the original variational equations for the Lagrangian
action of the relativistic particle (1.15). On the other hand, the canonical action S[x,p] with the Lagrangian
value of the momentum leads to another form of the Lagrangian action as a functional of x(¢) and N(¢),

Sul2(t), N(t)] = S[z,/2N] = /dtN (Z&Q{v“sb”mu - m2> . (1.21)



This action ia again invariant under the local one-dimensional diffeomorphism of time with z# — 2/#(t')
given above and the Lagrange multiplier transforming as

2Pt =at(t), N'(t')= (‘Z) N(t). (1.22)

Note that with this definition one can interpret Ndt = N’dt’ as a differential of invariant (proper) time of the
relativistic particle and d/Ndt = d/N'dt’ as the relevant invariant proper-time derivative. Correspondingly, the
momentum p, = dz*/2Ndt is just this proper-time derivative of the coordinate variable, which is invariant
under these transformations p,, = p;, In the infinitesimal form the transformation of N and p, looks as

d

AIN(t)=N'(t) = N(t) = -

(Nf), Alp,=o. (1.23)

Direct observation then shows that the Lagrangian gauge transformations of coordinates Afz# and Lagrange
multiplier §/ N can be imitated by the following set of transformations 67 z#, §7p, and 6% N in the canonical
formalism with the action (1.19)

67 at = {a", TYF = 2Nn"p,, 6 pu={p,, T}F =0 (1.24)
FN=F (1.25)

provided the Lagrangian parameter f and the canonical parameter F are related by the equation
F=-Nf. (1.26)

Then the Lagrangian transformations can be directly derived from the canonical ones on the equation of motion
for the canonical momentum (or on shell of the momentum p,,)

Algh = 57z | AN =67 N. (1.27)

p=i/2N’

Important difference between the transformations of the phase space variables (1.24) and those of the La-
grange multiplier (1.25) is that the first ones are the canonical transformations generated by the Poisson bracket
with the constraint, whereas the second one is not canonical and involves the time derivative of the gauge pa-
rameter F. It is easy to show by integration by parts in time that the infinitesimal transformations (1.24)-(1.25)
leave the canonical action (1.19) invariant up to possible total derivative terms at the upper and lower limits
of integration time range. So the presence of constraints in the canonical formalism is tightly related to local
gauge invariance of the theory.

1.4 Electromagnetic and Yang-Mills fields
The action of the electromagnetic (EM) field, ¢* — A,(x), i = p,x, p=0,1,2,3, reads as

1
S[Au(x)] = 4 /d4x Fiw Fiv = Fuw B, Fu = 0uA, — 0,A,. (1.28)
It is invariant under the gradient transformation with the scalar gauge parameter f(z),

Au(z) = Al (2) = Ay(x) + 0 f(z), ATAu(z) = 0uf(x). (1.29)

For the Lagrangian given by the integral over 3-dimensional space,

1
L=—; /d%Fgw (1.30)

the canonical momenta are defined by 3-dimensional variational derivatives with respect to time derivatives of
the vector potential, which also leads to the constraint — vanishing zeroth component of the momentum,
oL

pH(x) = m =r p’(x)=0. (1.31)



Asp’ =0itis enough to disentangle from the Lagrangian the symplectic term for the nonvanishing components
of the momentum p’A; in order to convert the action to the canonical form

S[A,(z)] = /dtd?’x (—iFEj + 2F30> )
1.32

1 1 ,
= /dtd%( iA; — 5P p? 4F{j Ao(&p’)> = S[A, p, Ao].

Here the role of the Hamiltonian is now played by the integral of the energy density of electromagnetic field
% f A3z (E2 + H2) in terms of electric E = F; = p; and magnetic H = H; = %Q‘ijjk field strengths, plus the
term linear in Ag. The component A, enters linearly and does not involve a time derivative, so it plays, similarly
to N in the relativistic particle case, the role of the Lagrange multiplier for the constraint on the momentum
p;- This constraint follows from the variation of the action with respect to Ag(x),

A,p A ;
95[A,p, Ao] _ —T(p)=0, T(p)=dip' =0, (1.33)
0Ag

and implies the nondynamical equation on the electric field strength in electrodynamics without electric charges
div E = 0.

Like for the relativistic particle case, these constraints generate by the Poisson brackets the gauge transfor-
mations of phase space variables, corresponding to the gradient transformations in the Lagrangian formalism
(1.29), whereas the transformation of the Lagrangian multiplier is given by the time derivative of the gauge
parameter F = f (in this model gauge parameters in both formalisms simply coincide),

57 As(x) { / By T(y) }
= {Ai(x)7/d3ypk(y)8k]-'k(y)}
- /dsy {Ai(x),p"(y)} F(y) = 0iF (x) = AT A,

5 (x) = {pi<x>, / dsyﬂy)f(y)} 0,
67 Ap(x) = F(x) = Af Ag.

(1.34)

Here we took into account that in the field-theoretical model the Poisson bracket of Eq.(1.7)) should be gener-
alized to the expression

{01,0:} =

90,00, 90, 9O, / o (501 00 50, 502) (1.35)

d¢t dpi  Ip;i g’ opi(x)  Opi(x) 6A;(x)
(in other words, if i +— (i,x) then >, — >, [ d*z). Consequently

{d",p;} = 6i = {Ai(x),p"(y)} = 6Fo(x,y), (1.36)
where the delta-function is defined by the following relation valid for any continuous test function ¢p(x)

/ By 8(x,y) o(y) = o(x). (1.37)

The case of electromagnetic field can be directly generalized to the Yang-Mills theory with the vector
potential Aj carrying extra color index a of the generating group algebra, say SU (2) algebra with a =1,2,3

Au(z) = A (), Fu— B, =0,A; —0,A] + cbcAb AS. (1.38)
Here ¢, = —c2, are structure constants of this algebra satisfying the cyclic Jacobi identity
e+ cycle(b, c,e) = 0, (1.39)



which themselves can be considered as matrices of algebra generators ¢4 in the adjoint representation, satisfying
the commutation relations,

Cgb = (éd)g 5 [éa, éb] = Cgbéc. (140)
They determine symmetric Killing metric on the group algebra, v, = —tr(é,é), and fully antisymmetric tensor
Cdab = YdcCop, Which allows one to construct the gauge invariant Yang-Mills action

1
Sym[Al(z)] = —l/d‘lx%bFﬁyFb“”. (1.41)

This action is invariant under the gauge transformations with the parameters f¢ of the form expressible in
terms of the covariant derivatives %,, with respect to the Yang-Mills fibre bundle connection

ATAS =0, f* + Abch = Dy f*. (1.42)
The canonical action has the form similar to the electromagnetic case,
a i Aa 1 7 1 a2 a
S[A}] = /dt/de {paAi — i(pa)2 1 (Fij) — AOTa} , (1.43)

where for brevity we imply that the quadratic forms are determined with respect to the Killing metric 7, or its
inverse 7%, (pi)? = A/“bpipf), (Fz‘z)2 = %bFi‘}Fil}, and A§ play the role of Lagrange multipliers of the constraints
on the canonical momenta

T, =-9; pfl = — (&pg — Afcgap?)) . (1.44)

Problem 1.1. Show that the canonical gauge transformation 6% A¢(x) = {A%(x), [ d3y Ta(y)F?(y)} with this generator gives
the Lagrangian gauge transformation (1.42) for F* = f2. Derive the relevant gauge transformation 67 p?.

There is essential difference of Yang-Mills gauge transformations from the gradient transformations in elec-
trodynamics. Due to Abelian nature of EM field, gradient transformations are commuting, [Af1, Af2] = 0,
so is the commutator of two canonical transformations determined by the Poisson bracket commutator of EM
constraints, {T'(x),T(y)} = 0. The last relation is obvious because for electromagnetism the constraint 7'(x) is
A;-independent. For non-Abelian Yang-Mills theory both commutators are nonvanishing.

’ Problem 1.2. Derive the commutators [Af1, Af2] and {T,(x), T»(y)} in Yang-Mills theory and show their compatibility.

Lecture 2. Canonical condensed notations and reminder on Einstein
gravity theory

e Canonical condensed DeWitt notations.

e Einstein gravity: a reminder

2.1 Canonical condensed DeWitt notations

Let us introduce condensed DeWitt notations. In transition from notations for a generic mechanical system to
concrete relativistic particle, scalar field, EM and YM field models and gravity theory we have

¢ (t) = z"(t), ¢(t,x), ALt x), AZ(t,x) g (), (2.1)
—— —— ——
= =X i=p,X i=p,a,x 1=HV,X

where the index ¢ absorbs now together with discrete labels also the continuous spatial coordinate x. Specifically
for YM we have the canonical coordinates and momenta
¢' = AY(x), pi=0pi(x), ir—a,i,x

(2.2)
T,u :Ta(x)a u—a,X,



along with the notation for the constraints labelled by the condensed index p accumulating again the discrete
gauge transformations labels a (color indices of generating YM group) and coordinates x.

Let us also extend these notations by the summation-integration rule — over contracted condensed indices
we will assume both summation over discrete labels and integration over space

d'pi = / @z A2 (x)pi (%),

(2.3)
FHT, = /dgx]:a(x)Ta(x).
Obviously this is the extension of the well-known Einstein rule of dropping the summation sign. We will call
these notations the canonical condensed ones, when the time coordinate stays outside of the condensed label.
This is of course the artifact of canonical formalism in which the time coordinate and the time derivative should
be kept explicitly. Later we will also need the covariant condensed notations when the time will be also included
into the condensed indices, the summation over them including the time integration.
The problems of the previous lecture are much easier to solve by using instead of the local constraints T, (x)
their integrals with arbitrary test functions F{'(x) and F§(x), which is much easier to operate with in terms of
condensed notations. This looks as the following sequence of identical transformatioms,

(L@, )} ~ [ dodyF 9 {T,0. Tiv)} ()

5Ta(x) 6Tb(y) b
= @ - —(1 2
/dzdxdy (]:1 (m)éAf(z) 5pi(2) Fa(y) — (1< 2) (2.4)
oT, 0T,
_ TH I vrov — 1 _
= A G G~ (10 2) = 6,(FT,) ‘W:%%FZU (162).
FHT, = /dxf“ (—_@ipfl) = /d:): (@i}'a)pfl, (2.5)
. 0(1L,F) 4 / bk
0q' = = — dy (D F- = 9, F5(z), 2.6
q apZ 5pzc(z) y( k 2)pb Q(Z) ( )
6, () = [aweaze, An| = [ae(@F (2.7
Hence
[ e tyFr 0 {1200 T} B = [ do (@7 e Fpi - (102
(2.8)
— [anFs e Ry =~ [ doFrch T,
or
{T.(x), Ty(y)} = —chTa(x)6(x,y), (2.9)
which in condensed notations can be rewritten as
A A d
{TuaTu} = UMyT)\) UMV = —Cabé(Z,X) 6(Z7y)a (210)

A—=dz, p—ax, veby.
Thus, non-Abelian nature of the YM gauge transformation for spatial components of the vector potential,
(APAf - ATAPYAT = AF AL, fS = S (2.11)
fully matches with the non-Abelian canonical transformations in the canonical formalism, because

(67267 — 671072) A (x) = {{A} (%), T} LA Fy — (14 2)
= {A} () T T} F5 Y =072 A7 (%), (2.12)
Ty =—UFLFY,



where we used the Poisson bracket Jacobi identity {{F1, F2}, F3} + cycle(1,2,3) = 0 and the constraint algebra
(2.10).

The gauge transformation of the remaining zeroth component of the vector potential 7 Ag (x) = AT Ag(x) =
Do Fo(x) = F(x) + ¢, Ab(x) Fé(x), can be written down in the form

SN = Fr — UL N TP (2.13)
if we introduce the special notation for A%(x) as the Lagrange multiplier A* = A§(x). The meaning and

generality of this representation we will see later after we consider the case of gravity theory.

2.2 Einstein gravity: a reminder

Einstein gravity theory with matter fields has the action

Slgu. o] = d*z 91/2 (R — 2A) + surface term + S [ ¢, 9,0 |, (2.14)

167G

where R is the curvature scalar of the metric g, (x), g = —det g,., ¢(x) is the set of matter fields, G and A
are the gravitational and cosmological constants and for a time beiong we do not specify the surface term of
the gravitational action. The action is invariant under local diffeomorphisms

at =t = ac“/(x)7 (2.15)

under which the metric tensor and matter field tensor ¢(z) transform as

r® OxP
() = s S g2, (2.16)
o) (0 = D (52 ) olo) 217

Here D (92 /dx) = D4 (92 /dx) is the matrix of the representation of the general linear group GL(4) to which
belongs the field ¢ = ¢*. A and B here are generic spin-tensor indices, and the matrices acting in the vector
space of these indices will be denoted by hat.

This matrix D (82’ /dx) is parameterized by the elements of the Jacobi matrix of transition to new coor-
dinates dx'/dz. For example, in case of contravariant vector field ¢(z) = A¥(x), A* (z') = (9’ J8z¥) A¥ (z),
D (0a! /8x) = (' /Ox*). For infinitesimal diffeomorphism z# = z# + f#(x) these transformations express in
terms of the Lie derivative along the vector field f*,

Afglw(:c) = gllw(x) — g () = —L5g0
= —f"0a9uv — Ouf9Gav — O [ Gap = =Vyufv = Vi fu,
Alg(x) = ¢'(z) — ¢(a) = —£56
= 100 + 0,1 Clp = — 'Vt + Vuf Glig.

(2.18)

Here é’*ﬁ, are the generators of the GL(4)-representation parameterizing the group matrix in the vicinity of the
identical transformation

R AN .
D1+~ )=1+0,f"GY 2.19
(1+5) =i+auren 219
and V,, denotes the covariant derivative with respect to the Christoffel connection
Vud = 0.0+ I2Go6¢, V,AY =0,A" +T),A%, (2.20)
1
Iy = 59’“\ (Oagrg + 989ra — Orgap)s  Vugas = 0. (2.21)

The Riemann and Ricci tensors are defined as

(V/LVV - VVV/L)(rba = Raﬂ/w(rbﬁa R/W = Rauau' (222)



In what follows we will need to perform metric variations. They can be done via the solution of the following
problem

Problem 2.1. Derive the following variations under the infinitesimal variation of the metric tensor dg,, = huv, assuming that
by definition hY = g*%hqa,, AHY = g”"‘g”ﬁh,l@,

1 1
8(g) =~ 3gM2 = 2 g 2y = g7,

1
6ry, = 3 (Vuhg +Vohi — Vo),

SR, = Vu(6I55) — Vo (6I55).

The metric variation of the gravitational part of the full action — Einstein-Hilbert action Sgmu|g..] equals
up to a contribution of the surface term

1 1
89 Senl g ] = / d'wg'? ( 59" hyw (R = 24) + (0g"") Ry + 9" 6R 0,
167TG 4 M 2 !
) (2.23)
— 4 1/2 % nz
o | @297 (G + Ag") 8gp,
where G*” is the Einstein tensor which satisfies a well-known contracted Bianchi identity

1

GHY = RFY — ig‘“’R, V,.G" =0. (2.24)

This identity is obviously compatible with the invariance of the action under diffeomorpisms, because by inte-
grating by parts and using the compact support of f# one has

1 1
Al Spy = —— [ d*z g"? (G"™ + Ag") (V. f, + V., :—7/614 122V, G") £, =0.  (2.25
it = Torg [ 409" (G AP (Vb + ) = s [ 292 (VLG ] (225)
For minimally interacting with gravity matter fields their action in curved spacetime follows from the flat

space one by the replacement of the metric by the curved metric, the replacement of integration measure by
the Riemanninan measure and trading the partial spacetime derivatives for covariant derivatives

Nuv = Guws Op = Vi, /d4x — /d4xgl/2. (2.26)

In view of diffeomorphism invariance of matter action its metric stress tensor

2 6Sm
T = — —— 2.27
92 g, (2.27)
is covariantly conserved on the solution of equations of motion for matter fields
0=a0S| = [ g TV, =~ [ateg e, v, <0 (228)

Problem 2.2. Write down the action of relativistic particle in curved spacetime, derive the equations of motion of the particle,
its metric stress tensor and prove that this tensor is conserved on equations of motion,

Lecture 3. Geometry of (3-+1) spacetime foliation
e (3+1) spacetime foliation
e Time evolution of the spacetime hypersurface o(t)

e Projections of Riemann tensor.



Figure 1: Spacetime foliation by hypersurfaces of constant time t.

3.1 (3+1) spacetime foliation

Canonical formalism of the gravitational field requires disentangling time from the full set of spacetime co-
ordinates z# = (2°,2%). This can be done in a way preserving the initial 4-dimensional general coordinate
invariance and the 3-dimensional one. The idea is to foliate the 4-dimensional spacetime ‘M = [t_,t,] x 3M
by spacelike hypersurfaces o(t) = 3M of constant time ¢. This foliation can be described as embedding into the
4-dimensional spacetime * M of coordinates 1 = (20, 2%) of the one-parameter family of surfaces parameterized
by intrinsic coordinates x = x%, a = 1,2, 3, and labelled by time ¢,

o(t): z%=e(z%1). (3.1)

Here we will use Greek letters to label 4-dimensional spacetime objects and letters from the first part of Latin
alphabet for 3-dimensional objects on o(t). In this way we retain the covariance under both 4-dimensional
diffeomorphisms and 3-dimensional diffeomorphisms explicitly depending on time ¢,

M ot = x“/(x”)
’

/ (3.2)
SM 2% — 2 =2 (2b)t).

The basis of three vectors tangential to o(t) can be written down as partial derivatives of embedding functions
e“(x,t) with respect to x®. Together with the vector n, normal to the surface they form the normal basis

_ 0e®(x,t)
T fze

while the metric interval along the surface with dz® = e%dx®

(o3
ea

nyen =0, Ng = gagnﬁ, (3.3)

ds? = gapdr®da’ = eg‘gagebﬁ dzda® (3.4)
———
Yab

suggests the notion of induced metric

Yab = €4 9ash- (3.5)
The vector n, normal to spacelike hypersurfaces is normalized to —1, but for generality we will use the notation
€ = %1 for its norm to indicate whether it is timelike or spacelike

Gapn®n® = e = +£1. (3.6)

Every spacetime vector can be decomposed in the normal basis into its normal and tangential components
labelled as it is shown here

¢ (x) =¢1n® + ¢ (3.7)

z=e(x,t)

10



Figure 2: Normal basis {n®,e%

Conversely its components read as projections on the vectors of the normal basis
pL =enad®,  ¢" =eqo”, (3.8)
where we use the contravariant induced metric v, 4%y, = &2, to raise 3-dimensional indices,
el = fyabefgga. (3.9)
From this definition it immediately follows the following contraction of indices

el =ob. (3.10)

[Q

The decomposition of the spacetime metric in the normal basis leads in view of g, | = € and g, = 0 to the
following relation
JaB = €Ngng + 'yabege%, (3.11)

whence it follows the definition of the tensor 73 of projection onto the hypersurface
eqgep =05 —enng =g, (3.12)

which satisfies the orthogonality relations
Yina = nﬁvg =0. (3.13)

The triad of vectors e obviously transforms under the both diffeomorphisms (3.2) as

. 0z Ot
Y e, = o, 3.14
€q €q Ora €q ore ( )

To introduce the spatial covariant derivative on the hypersurface, induced from the 4-dimensional space, which
would have a correct transformation law under 3-dimensional diffeomorphisms, consider a 3-dimensional vector
¢’ and raise it to the level of the 4-dimensional vector field defined on the hypersurface

" = P =elob. (3.15)

Then calculate its 4-dimensional covariant derivative along the hypersurface V, = e}V, and project the result
back to the hypersurface. One obtains

D, b:egva ef Vel = 9, &+ Vaef el ‘,
o} (ecd®)es : ¢" + ( ) e d (3.16)
€20 e,

where the last term should be interpreted in terms of the 3-dimensional connection

’YZC = (vdeg)eg = (S)Fb

ac?

Vi =€, Va, (3.17)

11



Figure 3: Lapse and shift functions NV and N

which turns out to be the Christoffel symbol of 7.

Problem 3.1. Prove that v¢, = (VaeQ) €S, is the the Christoffel symbol of 7, because Zavp. = 0.

Extrinsic curvature is determined by the covariant derivative of the normal vector taken along the hyper-
surface. It is a symmetric tensor given by the following several equivalent expressions

Ko = —Vanﬁeg‘ef = —(Vqnp) ebﬁ = +ng (Vaebﬁ) . (3.18)

Eqgs.(3.17) and (3.18) imply that they represent respectively the normal and tangential projections of V ey
with respect to index «. Thus they give rise to Gauss-Weingarten formula

Ve = en®Kap + v5pes. (3.19)

3.2 Time evolution of the spacetime hypersurface o(t)

Time “evolution” of the hypersurface in o(t) can be described by its “velocity”

o De(x,1)
N = = (3.20)

with which it evolves in spacetime. Its decomposition in the normal basis
N®=n*N 4+ eXN* (3.21)

determines the lapse function N and shift functions N® which in Fig.3 illustrate the movement of the point of
fixed spatial coordinates x at the transition from the hypersurface o(t) to o(t + dt).

The tensor fields at the point of spacetime belonging to the hypersurface is obviously a functional of the
embedding functions ¢[e(x], and one can define the covariant derivative in the direction of the vector N* in
terms of the variation of the embedding de® = dre®(x,t)dt

Dy =06.¢/dt + N T2, G, (3.22)
where 5
seolelde = [ by e 22 N (3.0 = ol e(x. ) (3.23)

12



is a partial derivative written in terms of the variation of ¢[e(x] with respect to the embedding variation
de® = N*dt. Apply this covariant derivative to e§ and make a sequence of transformations

Dyel =0, (e) + I'grey NP = 0, (0he) + I'§rea NP
= 3(n*N + ef'N®) + (n° N + ¢ N*)I'g\ed

b X (3.24)
=Van*N +n%9,N + (Vaep )N + eff 0, N
= — K¢ N + e P, N® + n*(Z, N + eK,,N?),
where we used the fact that from the definition of the extrinsic curvature (3.18) V,n® = —K,,e®® (remember

that Vgn®n, = 0 in view of n*n, = €) and also collected partial derivative terms with Christoffel symbol terms
to form the covariant derivative V,ej for which we used the Gauss-Wengarten equation (3.19). The final result
for the time evolution of the tangential basis e reads

Dyes = ey (2o N* — K!N) +n® (2, N + eKopNY) (3.25)
which allows one to express the time derivative of induced metric via extrinsic curvature

a’)/ab
ot

= 0 (eggagef) =Dy (egeab) = 2DNe?aeab) =Dy Noy+ Py Ny, — 2K N. (3.26)

As a result there is another hypostasis of the extrinsic curvature tensor in terms of the time derivative of the
induced metric

1 .
Ko = ﬁ (-@a Ny + Py No — F)/ab) : (327)

Problem 3.2. Derive the equation for the evolution of the normal vector

Dpyno = —ee%8, N — €2 Ko, N°. (3.28)

3.3 Projections of the Riemann tensor

It is useful to promote the 3-dimensional K,; to the level of the 4-dimensiona *M-tensor by the following
equation

_ b _ v b B _ _ :
K. =ee, Koy = —epeq e)ey Vang = —Vﬁ'yfvang = =7, Van,. (3.29)
oA
This tensor is obviously orthogonal to the normal vector with respect to both of its symmetric indices

K,,n" =0, (3.30)

Let us use this tensor for the derivation of various projections of the 4-dimensional curvature onto the normal
basis. For this purpose consider a generic 3-dimensional vector field ¢* and again lift it to the level of the
4-dimensional vector field having a zero normal component,

O% — PP =elg®,  ¢tn, = 0. (3.31)

Then by definition its covariant spatial derivative can be lifted to the level of 4-dimensional tensor by covariantly
differentiating it and projecting the result with respect to both indices onto the hyoersurface

D¢ =5V ad”. (3.32)

Similar construction holds for the covariant derivative of higher rank tensors having vanishing normal compo-
nents.

13



Consider the commutator of two covariant derivatives acting on the normal vector and project the result
onto the surface. This can be transformed as

27[”;75]%%“7&’ =27, Va (’75 Vﬁ")\’Yg) (mva]) Vnys +2 (’y[ Vom) K,
@ + 26”[ KM]KB7

(3.33)

where square brackets denote antisymmetrization of two indices (with the 1/2 coefficient, A, = (A +4u,))
and we used simple relations for the derivatives of the projection operators

YaVarx = (K nx +n? Kpuy), ygwfvwg =en’ K. (3.34)
On the other hand the left hand side of (3.33), being the commutator of two covariant derivatives, equals
VevE R 5,5 n07%, s0 that
’yKRAM,B n 7375 =-IuK) + 2, K + 26n[,,K5]Kg. (3.35)
Therefore, the following projection of the 4-dimensional Riemann tensor reads
DR abe = 2K .- (3.36)

Analogous projection of the commutator of two covariant derivatives acting on a generic vector fiels tangential
to the surface yields the Gauss-Codazzi equation

(4)Rabcd = (3)Rabcd - 2€Ka[ch]b~ (337)

Problem 3.3. Prove Eq.(3.34) and the Gauss-Codazzi equation.

For the calculation of YR = g“”gaﬂRwug = 29" R, 11 + (4)R“bab one would need a projection R, |
which is rather complicated because it contains second order time derivatives of 7,,. This difficulty can be
circumvented by using the following transformations. From Gauss-Codazzi equation it follows that

WR? = PR —e(K* - K3), (3.38)

where K = ’y“bKab is the trace of the extrinsic curvature, and we used the abbreviation Kgb = K% K_,,. On the
other hand

(4)Rabcd’yac’ybd (4)R uaﬁV“a’Vyﬂ
— (4)Ruyaﬁ(g —entn?)(g"? — en”nP) (3.39)
=@WR_ 2eR,,nt'n” = =2¢Gnt'n” = —2¢G 4,

so that the normal-normal projection of the Einstein tensor equals the expression
1
Gl = 5(K2 K2, — €R), (3.40)

which does not at all involve second order time derivatives of v, (see Eq.(3.18). Consequently, for the 4-
dimensional scalar curvature one can write the following sequence of relations using the fact that Ricci tensor
is expressible with the aid of the commutator of two covariant derivatives,

DR = 2¢(R,y — Guy)nt'n” = 2eR,,n"n” —2eG 1 |
=2en"(VoV, — V, Vo )n® + DR 4+ K%, — eK?

(3.41)
= 26V o (n"V,n® — n®V,n") — 26 (Van”)(V,n®) +2¢ (Voan®)? +O R + e(K2, — K?),
—_— ——
K2, K2
whence the 4-dimensional scalar curvature takes the form
WR=CR - (K2 — K?) + 2V, (n"V,n* — n*V,n"). (3.42)

Thus, up to the contribution of the total derivative term the scalar curvature is expressible as a combination of
the 3-dimensional scalar curvature and the form quadratic in the extrinsic curvature.

14



M, t

M, t

Figure 4: Spacetime domain in the canonical formalism of gravity theory.

Lecture 4. Canonical formalism of Einstein general relativity

e Arnowitt-Deser-Misner (ADM) varables and ADM action of GR.
e Canonical action and Hamiltonian and momenta constraints.

e Canonical gauge transformations.

4.1 Arnowitt-Deser-Misner (ADM) varables and ADM action of GR

Let us integrate the scalar curvature over the spacetime domain M depicted on Fig.4, whose total boundary,
DM =3M(t ) U M(t_)U ([t_,t+] X 83M>, (4.1)

consists of initial and final hypersurfaces >M(t4) and the “side” boundary [t_,t;] x 93M. Using the value of
the signature parameter ¢ = —1 and the change of integration variables from z* to (¢, %) we obtain

tt
/d4xgl/2R = [ dt / d*z Ny'/? (K2, — K* 4+ *R)

3M(t)
ty ty
-2 / d3ml/2K’ +/ dt/d%a(...)“. (4.2)
t_
3 M(t) b 83 M(t)

Here we used the relations between the integration measures in the two coordinate systems and the Gauss
theorem for the total derivative term, which comprise the material of the next problem.

Problem 4.1. Derive the relation between the integration measures in the original spacetime coordinates z* and the coordinates
of (3+1)-foliated spacetime (t,z%)

d‘lﬂcgl/2 = dtd3xN'yl/2, 71/2 = (det'yab)l/z.

Check the covariant form of the Gauss theorem
[ dtag 2V = [ @ayor, o1 =enon,
M4 M4

where n, is an outward pointing normal to the spacetime boundary dM*. Hint: Use the Stokes theorem in terms of exterior
forms, [, dw®) = Joma w® applied to the 3-form w(®) = e papyda® \dzP N da?.
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At the bottom and top hypersurfaces > M (t+) the vector ¢* = 2¢(n*V,n*—ntV,n"), ¢ = —2¢(V,n") = —2K,
gives the contribution of the surface term with the trace of extrinsic curvature, whereas at the side boundary
it gives the last term of (4.2) which we do not specify exactly because it explicitly depends on its own normal
vector different from n,. Below we will specify this term for the case of asymptotically flat spacetime.

Now we apply the above formalism for the conversion of the GR action to the canonical form. The Lagrangian
action consists of the volume (Einstein-Hilbert) and surface (Gibbons-Hawking) terms and reads

Sclguw] = /d4:17g1/2 (R—24) -2 / Pz /veK . (4.3)
M4 oM4

EH action GH action

First of all, to simplify notations, we will work in this section in the system of units ¢*/167G = M3/2 = 1,
which explains the normalization of the volume term. The surface term in the covariant form was suggested by
Gibbons and Hawking and represents the surface integral over entire boundary of the spacetime domain (4.1)
built in terms of the induced metric 4 and the extrinsic curvature K of this boundary. On top and bottom
spacelike surfaces 3M(t.) they obviously coincide respectively with v,; and K, and € = —1, whereas on the
side boundary [t_,t,] x 3° M they are given by its own induced 3-metric, the normal vector and € = 1. The role
of the Gibbons-Hawking term is to guarantee consistency of the variational procedure for the action under the
Dirichlet boundary conditions for the induced 3-metric on the total boundary of *M. Simply this means that
integration by parts in the spacetime volume allows one to get rid of the second-order derivatives transversal to
the boundary and simultaneously avoid such derivatives of the induced metric on the boundary (if any surface
terms survive at all).

Such a cancellation of time derivatives takes place when we use (4.2) in (4.3) and thus obtain what is called
Arnowitt-Deser-Misner action

ty
Sapm|Yavs N, N :/ dt{/d3x71/2N (Kgb—K2+<3>R—2A) +/ d?o, (...)“}, (4.4)
t_ o

3 M
where K-terms get completely cancelled at 3M(¢+) and the ADM Lagrangian involves only first order time
derivatives of 4 (cf. Eq.(3.27) for K, in terms of 4,5). At the side boundary a similar cancellation would also
take place in the foliation of spacetime by timelike surfaces “parallel” to this boundary, but in the ¢t-foliation this
is not explicit — the remaining surface integral [ dt [ d®c, (...)" still survives in order to cancel by integration
by parts the second order spatial derivatives contained in N®) R spacetime integrand. The remnant of this
cancellation we will consider later in the case of asymptotically flat spacetime, where it will form the expression
for the ADM energy of the gravitational system.

The ADM variables — spatial metric and lapse and shift variables — are most easily related to the original
spacetime metric in a special foliation when the time t is identified with z° and the intrinsic hypersurface
coordinates are identified with spatial coordinates z° = ¢, 2 = 2 and e/ = 6. This relation is given by the
solution of the following problem.

Problem 4.2. Prove that in this foliation
Yij = 9ijs Ni=goi, N'=~9N;, N= (—900)71/27
0 _ %;’ i = i N]:'[J;ij 900 = NiN' — N2, it — (%, %) = —62N, (4.5)
and
Kij =nuVielf = —NWr)) = % (DiNj + D;Ni = ij) (4.6)
4.2 Canonical action and Hamiltonian and momenta constraints
The ADM action .
SADM['YijaN,Ni]:/t dt Lapm(7ij» ¥ij» N, N*) (4.7)
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has the Lagrangian, given by the expression in the curly brackets of (4.4). It contains time derivatives of only
the spatial metric coefficients, so that the transition to canonical formalism runs via the Legendre transform
with respect to %;;. We get canonical momenta conjugated to v;;(x),
5L 3
i _ A'xDM _ 7G”’lekl7 (48)
0%y
Gridskl — %71/2 (,Yilc,yjl ik Q,Yij,ykl) ’ (4.9)

where G-*! ig the so-called DeWitt metric, and its inverse Gij i, GIM Gl n = 0, allows one to express 7;;
as functions of momenta 7% and other variables, ;; = ¥;;(7"7),

1

Kii=5n

. 1
(ZiNj + DiN; — %i5) = —=Gijum™,  Gijm = Y (2% vs0) — Vi Vet - (4.10)

The total Hamiltonian becomes after integration by parts the following expression linear in lapse and shift
functions,

[/di‘miiw LADM} :/ d*z (NH, + N'H;) +/ d?o, (..)%, (4.11)
g =i (whkt) M 3M

playing the role of Lagrange multipliers of the Hamiltonian H, and mpmenta H; constraint functions,

H, = Gij,klﬂ'ijﬂ'kl — 71/2 ((B)R — 2/1), (4.12)

Thus the canonical ADM action takes the form
SADM[’)/ij,ﬂ'”,N,NZ]:/ {/ dgl‘(ﬂ'w’%j—NHJ_—NzHo—Ho}, (414)
t 3M
Hy = / d?o, (..)%, (4.15)
OBM

where the part of the total Hamiltonian different from constraints reduces to the surface term denoted by Hy.

To simplify the formalism we again use DeWitt notations and condense spatial coordinates into the gauge
condensed index p — (L x;ix), H, — (H.(x), H;(x)), N* = (N+(x), N%(x)), so that the constraint part of
the Hamiltonian takes the form of a simple contraction of indices

NFtH, = / d*z (N*(x) Hy (x) + N'(x) H;(x)) (4.16)

Then equations of motion for the phase space variables read
[ Vi ] - H i } ,HH}N“ (4.17)
Tij g

(A, B} = / P Mf;(lx) &fféx) (A B). (4.18)

in terms of the Poisson brackets

Note that Hy being a surface term does not explicitly contribute to the equations of motion, but as one can
check this term provides consistency of the functional variational procedure of deriving these equations in the
course of integrations by parts. The equation for 4;; relating it to 7% is obviously equivalent to the expression
for the extrinsic curvature

Yij = 2N Gij ™ + 29:N;) = 29;Nj) — 2N K5, (4.19)
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whereas the equation for 7%/ after the substitution of 7/ in terms of 4;; becomes a dynamical equation of second
order in time derivatives.

On the contrary the variational equations of motion for the Lagrange multipliers yield the nondynamical
constraints on phase space variables

dSaDM
ONH

With the substitution of the Lagrangian values of the canonical momenta these constraints become the equations
containing at most first order time derivatives of y;; and coincide with the following projections of the left hand
sides of Einstein equations

=-H,=0. (4.20)

HL 2—2’}/1/2(GLL—A)

il =—~1/2(Kii —~ii K)

1/2
3 =Gy,
771‘7:7,‘/1/2([('”7,»/7,]}'{)

(4.21)
H;

The Poisson bracket algebra of the Hamiltonian and momenta constraints turns out to be closed just like the
algebra of constraints in the Yang-Mills theory — the right hand sides of these relations are linear in constraint
functions,

{Hi(x), H;(x)} = H;(x)0;6(x,x") — (ix ¢ jx')
{H, (x),H;(x")} = —H, (x')0;0(x,x") (4.22)
{HL (%), Hy (x)} = 49 () Hi(x)9;6(x, %) — (x ¢ X).
These relations can be relatively easily proven by considering the constraints smeared by contraction with

the test functions, H;(x) — Hy = [ d’x H;(x)¢'(x), Hi(x) — Hy, = [ d*x H.(x)p(x), and calculating their
Poisson brackets. Again, the constraint algebra very compactly reads in terms of DeWitt notations

{H,,H,} =U), Hy, (4.23)

where the structure functions (note that 4% |, depends on v%/) can be read off the relations

U FIFS = —Fi(x) 0iFy (x) + F3(x) 0, F7 (%), (4.24)
USFLFy = —F (x) 0;F5(x) + F}(x) 0, Fi(x) + Fi (x) 2" Fy (x) = F3 (x) ' Fi- (%) (4.25)

In complete analogy with the Yang-Mills theory let us define gauge transformations of the canonical action,
67 Sapm|vij, ©, N, N ] =0
F | Yij Yij F i o
g [ iy } —H i ] ,HH} Fr, PNt = Fr - UL NOFP, (4.26)
and show that these transformations are compatible with diffeomorphism invariance of the Lagrangian action

AT Sclgap] =0, A gas = =V f3—V 3 fa, under a proper relation between the gauge transformation parameters
F and f. We have 67v;; = 2G;; ™ F+ + 29; Fj), so that at the Lagrangian values of the momenta

67 i

=29, Fj — 2K;; F*. (4.27)

mii=— Qi kUK,

On the other hand, the diffeomorphism transformation of the spatial metric with fixed embedding functions
e*(x,t) (note that these functions are not field variables and play inert role under spacetime diffeomorphisms)
reads

Ay = G?G?Afgag = =2V ifj) = —2e(;Va (e?)fﬁ) + Q(V(ief))fg

(4.28)
= —2e(;0afj) + Q’Yéjfl + 2K fH = =29 f) + 2K

where we first used the Leibnitz rule for covariant derivatives and then the Gauss-Weingarten equation (3.19)
for V(ie?). Therefore,

8 yi5 = Ay, (4.29)
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provided F+ = —f, and 7 = —f?. Thus F* and F* up to a sign are just normal and tangential projections
of the diffeomorphism vector field f* onto a normal basis,

= —ntFt el Fl (4.30)
In the same way for the diffeomorphism of the lapse function we have a chain of relations

de
ot
= — ("0, — N%,) f1L — [*DuN = —f + N, f1 — f*0.N = F+ —UL N*F" =7 N.

nv

AN = —Aln, =V fIN = Nnn"V,f, = NV, (n"f,) — N(n"V,n")f,

(4.31)

Here, from the solution of the Problem 3.2, it was used that n*V,n" = —eel, 2°N/N, the diffeomorphism of
the normal vector follows from the solution of the Problem 4.3 below and the last two equalities are based on
the relation (4.24). Similar proof holds for the shift functions A/ Nt = 67 N,

Problem 4.3. Derive the variation of the normal vector dgne under an arbitrary infinitesimal variation of the metric g, and
show that the diffeomorphism transformation of this vector equals Afng, = —engntn?V fo.

Lecture 5. Generic systems subject to first class constraints

e Gauge invariance in generic system subject to first class constraints
e Canonical gauge fixing procedure
e Reduction to the physical sector

¢ Integration measure on the physical phase space

Physical sector in time-dependent gauges: relativistic particle and linearized GR

Examples of canonical formalism for gauge invariant models considered above — those of relativitic particle, YM
theory and GR — can be universally described within condensed DeWitt notations along the following lines.

5.1 Gauge invariance in generic system subject to first class constraints

Consider a general dynamical system of variables (¢%, \*) labelled by condensed indices i and y have the formal
range

1 =1,2,..n, n =ranget,

— o~
ot Ot
N =
~— ~—

p=12..m, m =rangepu,

with some n > m which in local field models can be formally infinite. Let the Lagrangian of the model
L = L(q,q, ) be independent of the time derivatives of the variables A\* and such that it gives rise to the
canonical formalism of the theory with the action

Slap ] = / "t (pid' — Hola,p) — T (0.0)) . (5.3)

where Hy(g, p) is the Hamiltonian, A play the role of Lagrange multipliers of constraints T},(¢, p) which satisfy
the commutation relations
{Tm T} = u;i\uT/\v {Ho, TM} = VZTV (5.4)

with some coefficient functions Z/{;L\l, and V;/ on phase space of the model. Within the terminology of Dirac
constrained systems the constraints having this property are called first class constraints. Let us show now that
this canonical action is invariant,

67 S[q,p,A\] =0, (5.5)
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under the local gauge transformation with the parameters F” = F¥(t) arbitrarily depending on time and
vanishing at ¢4,

5]—'qi _ {qi7TH}]-“#, 5fpi = {piaTH}‘/—:# (5.6)
§FN = Fr — UM N T — VEFY. |

As in examples above the first two transformations are canonical with the generating function F' = T, F*. For
time independent F*, F* = 0, these transformations shift the symplectic term by the total derivative term, as
it should be for a canonical transformation

OF OF OF OF OF
F =I{p F Fl=_" ) = dg— = il
67 (pdq) = {p, F'} dg + pd {q, '} aqu+pd(3p> aqdq apdp+d(pap>
OF
= 7—F
d(pﬁp )

For time dependent JF*(t) this transformation however brings into the integrand extra term obtained from
-1, F" = —d(T,F*")/dt + T, F". We have

(5.7)

ty )
5" / dt (pid’ — Hy — \'T,,)
t

b+ oT, . d (0T
= / dt {— aq‘;]-‘uqz +pi£ (ap‘_‘}“ﬂ) —{Ho,T,} F* — (67 AH) T, — )\u{TN,Ty}JIV}
t_ )
(5.8)
oT t ty .
| [ @, ]
- t_

T,
= P — T ]
(p ap ”) d

4

to ty .
+ / AT, (= VEFY —UlX = 67X =0,
t- to

where we took into account that F#(¢y) = 0. This derivation explains the origin of the structure constants (or
functions) term in the transformation (2.13) for YM theory and GR. The second set of structure functions V¥
in the Poisson brackets commutator of constraints with the Hamiltonian Hj in all the examples above turns
out to be absent? but generically it is nonzero and provides extra contribution to 67 .

5.2 Canonical gauge fixing procedure

As in all models considered above the variational equations for the canonical action lead to Hamiltonian (evo-
lutionary) equations for phase space variables and the set of constraints imposed on the latter at any moment

(0w )G ) ) AG) e o

p
oS
The Lagrange multipliers A\* stay completely arbitrary, which obviously corresponds to the fact that the action
is invariant under gauge transformations with the parameters 7* whose number (the range of index p) coincides
with the number of \*.
The consistency of the constraints 7, = 0 with canonical equations for (¢*, p;) is fully satisfied because their
conservation in time is enforced due to the Poisson bracket algebra of constraints

dT,,
dt

={Ty,, Ho} + {T,,. T,} X = (=V; + U, \") T =0. (5.11)
0

T= T=0

Thus it is enough to enforce the constraints at the initial moment of time and they will hold all the time.

20



Orbit of gauge
transformations

(g,p, )

Surface transverse to orbit
(choice of a representative)

Figure 5: Selection of the representative of the class of physically equivalent configurations as a choice of the
single crossing point of the orbit of the gauge group and the surface of gauge conditions.

Arbitrariness of the solution of equations of motion parameterized by m generic functions of time F*(t)
implies that the physical state of the system is characterized not by a concrete history in the configuration
space of (¢'(t),pi(t), \*(t)) but by the class of equivalence of histories joined by the transformations (5.6). To
label different physical states we, therefore, have to select a single representative of every equivalence class, so
that the full set of these representatives will form a physical sector of the theory. The procedure of selecting this
representative is shown on Fig.5. The transformations 67 (¢, p, ) form the m-dimensional surface in (2n + m)-
dimensional space of (g, p, \) — the orbit of the gauge group. The physical representative can be chosen as a single
crossing point of this orbit with the transversal surface of the complementary dimensionality (2n-+m)—m = 2n.
This transversal surface can be chosen by imposing m gauge conditions x* (¢,p,\) = 0 on (2n + m) variables
of the full configuration space, and the requirement that this crossing point is at least locally unique is that
the transformation 67 (g,p,\) with any nonzero F* will shift the point from the surface of gauge conditions
x*((g,p,A) = 0. This admissibility condition for the choice of gauge can be written down as the requirement
that the equation 67 x* (¢, p, A\) = 0 holds if and only if all 7# are identically zero, or the requirement that the
following equation has only identically vanishing solution for F*(t)

ox*

07X (g0, N) = (X T} FY + 535

(jt]-"” + ) =0 & F*=0. (5.12)

For gauge functions x* (¢,p, \) depending on Lagrange multipliers this is impossible because the system of first
order differential equations in time derivatives for generic initial conditions always has a nontrivial solution.
This means that gauge conditions which uniquely select the physical sector of the theory should be imposed
only on phase space variables, x* (¢,p) = 0, and their admissibility requirement reduces to the invertibility of

a special ultralocal in time matrix JY,
Jy={x" T} (5.13)

Indeed,
X=0= Ty =" T,} F' =0 F' =0 = det {x,T,} #0. (5.14)

Such gauge fixing procedure simultaneously fixes the choice of Lagrange multipliers. This choice uniquely
follows from the requirement of gauge conditions conservation in time

d
= O HoY + ¢ T = 0, (5.15)

and the invertibility of (5.13),
A = —J M X", Ho} . (5.16)

With these values of Lagrange multipliers equations of motion in phase space can be rewritten in terms of the
so-called Dirac bracket. To define it introduce the full set of constraints arising after gauge fixing C, = (T),, x¥).
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In contrast to T}, they form the set of second class constraints, because their Poisson brackets on the subspace
of first class constraints T}, = 0 form the matrix Do, = {C,, Cy} which is nondegenerate and invertible

Dy | = [ T3 AT ] o [ 0 {;‘;} } . (5.17)

r=0 | 6T {xx}

Gauge conditions on equal footing with the first class constraints can be included into the canonical action with
the full set of Lagrange multipliers A* = (M, ), S[q,p,A] = [ dt (pg — Hy — A°C,,). Similarly to (5.16) the
constraints conservation leads to A% = —D~1%{Cy Hy}, and the canonical equations of motion take the form

i (p){(5) ), o

where the Dirac bracket on phase space is defined as

{A, B}, = {A,B} — {A,C,} D7'°*{C, B}. (5.19)

Problem 5.1. Prove that for any observable ¢ on phase space

(i) = {¢7 HO}D |C(1:0 = {¢7 HO} - {‘bv TH} Jﬁlg{xyv HO}'

5.3 Reduction to the physical sector

Thus on equations of motion after imposing canonical gauge conditions Lagrange multipliers A become functions
of (¢,p). Do ¢ and p remain dynamically independent? The answer is of course “no”, because these 2n variables
are subject to the full set of 2m first class T),(¢, p) = 0 and second class x*(g,p) = 0 constraints. Therefore, there
is only 2(n —m) independent degrees of freedom which can somehow be chosen to parameterize the phase space
of the physical sector of the theory. Let us denote them as the coordinates £ and the canonically conjugated
momenta 74, labelled by a condensed index A,

A=1,2,..n—m, (5.20)

with the range (n — m) — the number of physical degrees of freedom.
Constructively, these variables can be most easily built within the class of coordinate gauge conditions,

x"(q) =0, (5.21)

imposed only on coordinates ¢ of the full phase space. These m gauge conditions determine the (n — m)-
dimensional subspace X' in the n-dimensional coordinate space. The embedding of this subspace can be described
by embedding functions of the internal coordinates on X,

¥ gi=el(eN), (5.22)

which identically satisfy the equation '
x(e(¢h) = 0. (5.23)
The geometry of embedding the physical subspace X into the g-space is very similar to the geometry of (3+1)-
foliation of spacetime considered above, except that X' is not a hypersurface and has a nontrivial codimension,

codim¥ =m, dimX =n—m. (5.24)

Correspondingly it has not one but m covariant normal vectors given by the gradient of the constraints functions,

w_ X!

, , 2
X = g (5.25)
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and labelled by the index p. Differentiation of the identity (5.23) confirms that they are indeed normal to the
vectors e’y tangential to X,

e’ (€)

o= Ter

et =0. (5.26)

Thus, the set (y!,e’) forms the complete basis of covariant normal and contravariant tangential vectors.
To proceed further one should introduce the metric G;; on the g-manifold with G** = (G;;)~1.! Then one
can define the induced metric G 25 on X' and get the possibility of raising and lowering the indices ¢ and A,

Gap = Gueyels, GAP = (Gap)™t, e =GAPelGr, M = Gikx’k‘. (5.27)
Similarly one introduces the analogue of the contravariant metric in gauge directions orthogonal to X/,
G#V = X?leXZ7 GHV = (G#U)_17 (528)

which allows one also to raise and lower the gauge indices. All this gives the possibility to expand every vector
or covector in the normal basis of (X}, el), v; = vaei* +v,x}, with the projections

va = eY4vi, vy = GGy (5.29)

The symplectic term of the canonical action reduced to the physical subspace takes the form

[, = [ancpe: (530

7 aEA
which allows one to identify the tangential projections of the momentum covector p; with the physical momenta
conjugated to £4,

TA = e%p,b-. (5.31)

In order to find the normal projections of p; one should substitute the decomposition (5.29) for the momentum
into the first class constraints

=0. 5.32
q'=e(€) (5.52)
The necessary condition for local solvability of this equation with respect to p, is guaranteed by the nondegen-
eracy of the matrix (5.13) because

9 i A v aTL v v
prﬂt (q , TTAE; +p1/Xi) = apll Xi = {X 7TM}7 (533)

T, (q", maely + puxy)

so that the solution gives a locally unique p, = P,(&,m) as a function of physical canonical variables, and the
full momentum p; in the physical sector of the theory becomes p;(¢, ) = maet + P, (&, m)x4. Substituting this
together with (5.22) into the original canonical action (5.3) we obtain the canonical action in this sector as a
functional of physical phase space variables

T,=0, x*#=0

Sphys[ &, 7] = S[q,p, A] = /dt (mé“‘ — Hy (e(ﬁ),p(ﬁ,ﬂ)))- (5.34)

5.4 Integration measure on the physical phase space

Below we will need to make the change of functional integration variables from the path integral over physical
phase space to the path integral over the original phase space of (¢q,p). Let us first do this for the coordinates
¢4 and ¢'. Introduce in the vicinity of X (that is at x*(¢) = 0) the variables " = x*(q) which obviously equal

‘?Such a metric always exists in concrete models. In GR this is just the DeWitt metric on the space of 3-metrics v;5, G —
G R (x)8(x,y), i — (i3,%), k = (kl,y), whereas in YM theory with ¢* — Af(x), this is just the Killing metric of the generating
YM group, G'Lk — 'Yab(s” (x)é(x7y)7 (s (iaa X), k— (]bzy)7 etc.
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zero on X, 0* | x—o. Then one can write the chain of relations for the measures of integration over X' and over
full g-space, d"~™¢ = [[4_ dé4 and d™q =[], d¢’

(5.35)

9q
where 0(0) = [[_, 6(6") and, obviously, 6(x) = [[,=, (x*(q))- To calculate the Jacobian of transition
(€4,0M) — ¢ = e'(£4,0") we use the identities

¢'(§,0) = €'(§), x"(e'(&,0)) =0, (5.36)
where () are the embedding functions (5.22). As a corollary of the second identity we have the relation

X5 g;u =y, (5.37)

so that the decomposition of de?/30" in the normal basis takes the form

det i i
w = XV+€A(...);4, (538)
with some tangential projection (...)2. Then the Jacobian of transformation equals
a0 L L
’ (gq ) = det [ ey Xy JreZA(...);,4 } = det [ e Xy ] , (5.39)

where the tangential projection (...)2 does not contribute because addition of a column to the matrix does not
change the value of its determinant. To calculate the last determinant consider the matrix equation which holds
in view of the orthogonality property e’ x* =0,

i i ek Gag, O
e d]- [ -

Taking the determinant of both sides of this relation we get

PN 1 . det G /2
Leh =g M= (detGAB detGW> ’ (5.41)

so that from (5.35) the relation between the integration measures on the ¢-space and X reads
dme = dM g §(x) M. (5.42)

Note that the metric G;; on the g-space plays auxiliary role, so that the measure factor should be G-
independent, which can be shown by solving the next problem:

Problem 5.2. Prove G;-metric independence of the integration measure M = (det G/ det Gap det G, )1/2
oM
G

and the application of this measure in the case of (3+1)-foliation of spacetime, N/~ A3z = \/§d4az 5(x0 —t).

The transformation of the integration measure factor on the space of momenta gives in view of p; = 7 ,4654 +
PuXi

Op;

4y — ’
P10 py)

d™pd™ =™ =det [ eft '\t ] d™pd" ™ = Md™pd" ™, (5.43)
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because the matrix [eiA X4 ] is obviously inverse to [ef4 XL ] Therefore,

d"=mm = d®= ™ [T dpy d(pu — Pu(6, )

pn=1
m

_ gyt ey PTul:P)

1
= d"™p— §(T) det J* 5.44
" . P (T) det Jf, (5.44)

so that finally we obtain the fundamental relation between the Liouville integration measures on the original
full and physical (reduced) phase space in the set of canonical gauge conditions x = x*(q,p)

d=me dm=mr = d™qd™ps(T) 6(x) det{x*,T,}. (5.45)

The integration measure is restricted to the subspace of the full set of first-class constraints and gauge fixing
conditions and contains a nontrivial factor — the Faddeev-Popov determinant which will play important role in
the canonical quantization of gauge theories.

5.5 Physical sector in time-dependent gauges: relativistic particle and linearized
GR

If we apply the above reduction algorithm to the relativistic particle model or general relativity we imme-
diately run into trouble. Since the Hamiltonian Hj is identically vanishing, in any canonical gauge of the above
type the Lagrangian multipliers A* ~ {x, Hyo} = 0. This is obviously contradictory both in relativistic particle
case with A* = N and the GR case with M = (N*(x), N'(x)), because this is geometrically absurd. In GR,
in particular, this would mean that the “velociity” N* with which the spacial slice is moving in spacetime is
vanishing — spacetime (3+1)-foliation degenerates to just one fixed space hypersurface which no longer spans
the whole of spacetime.

To circumvent this difficulty we generalize the above reduction procedure to the class of canonical gauges
ezplicitly depending on time ¢,

Xa)=0 = x'at)=0 = ¢ =), (5.46)
so that the physical space embedding functions also become explicitly ¢-dependent. Correspondingly the con-

dition of conservation of the gauge conditions in time becomes

d ox*
S — (v* H, BTN 4 2
X (q,t) = {x*, Ho} + {x"", T, }\" + o

and results in nonvanishing Lagrange multipliers even for zero Hamiltonian Hy = 0,

=0 (5.47)

M= —J et Hoy — J™ 74 0. (5.48)

”61&

The reduction of the canonical action to the physical sector for Hy = 0 goes obviously as follows

Sla A ey = /dtplq\Txo /dt< At + zaeé§t> /dt malt — phys(ff,ﬂt)) /(5.49)

the physical Hamiltonian being generated by explicit time derivative of the embedding functions.
For the relativistic particle in a special gauge we have

qi :l'a, Pi = Pas a:O,l,...?); TN :T(p) :p2+m27 (550)
x(z®t) =2’ —t, J={x,T} = —2po, (5.51)
e t): 2=t 2'=¢=x, p;=m=Dp, (5.52)

along with the solution of the constraint pp = F+/p? + m? and the resulting physical action

S[x,p] = /dt (p% T /02 - m2). (5.53)
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Double-fold solution corresponds to the degeneration of the Faddeev-Popov operator at pg = 0 where J = 0.
This separates positive and negative energy solutions and indicates the presence of Gribov copies — several (two)
representatives of the equivalence class of phase space configurations in the used gauge. This problem is being
solved only within secondary quantization framework which corresponds to raising quantum mechanics to the
level of QFT.

In Einstein GR we have ¢' = v,;(x), p; = 7 (x), and condensed indices read

i (i, %), n=6x o0 (5.54)
e (u,x), m=4x00? (5.55)

Number of physical degrees of freedom n —m = 2 x 00? — two degrees of freedom per spatial point — formal
dimensionality of the physical subspace X. This subspace is selected by some m gauge conditions x*(h;;,t) = 0.
For spatially closed cosmology with Hy = 0 the only way to make the model evolving in time with nonvanishing
lapse and shift functions is to have explicit time dependence in these gauge conditions functions. The physical
subspace X = X(t) evolves with changing time in the superspace of 3-metrics and induces the evolution of the
3-dimensional spacelike slice o(t) in 4-dimensional spacetime,

0X(t) o (t) De®(x,t) .0

This is the case of quantum cosmology [see A.Barvinsky, Unitarity approach to quantum cosmology, Phys. Rept.
230 (1993) 237-367, DOI: 10.1016/0370-1573(93)9003], which goes beyond this lecture course. Instead of it,
consider the case of linearized GR in asymptotically-flat spacetime with Hy # 0, where the mechanism of this
evolution is quite different.

We have linearized GR on flat spacetime background with the metric and conjugated momenta perturbations

Yig = 0ij + hij, w0 =pY, &= (yy07) <1, (5.57)
N=1+n, N'=n' (n,n') <1, (5.58)

and the linearized Hamiltonian and momenta constraints H,, = H, ,Sl) + O(g?):

HWY = Ahy; — 8'07h;;, 0" =690, (5.59)
HO = _29ip,). (5.60)

Problem 5.3. Derive these expressions ‘

Problem with the coordinate gauge conditions x*(h;;): the Faddeev-Popov operator in the linearized theory is

degenerate, Jj_l)“ = {x*, Hj_l)} = 0 because Hj_l) is independent of canonical momenta. Solution — replacement
by phase-space gauge conditions depending on both momenta and coordinates of the GR phase space,

x*(hiz) = x*(hij,p"), (5.61)
XL = (5ijpij7 Xi = 6jhij. (562)

The Faddeev-Popov operator is now invertible

2A 0

Ji = {XMszgl)} = _0 A&t + aiaj d(x,y),
J

p (Lixd,x), v (Lyidy), (5.63)
where the entries of the block two-by-two matrix correspond to 1 and 4 discrete indices within the condensed
indices p.

Constraints and gauge conditions y* = 0, H,El) =0or Ah =0, #p;; = 0 imply that metric and momentum
perturbations are transverse-traceless tensors (uniqueness of the solution h = 0 of Ah = 0 is guaranteed by zero
boundary condition at spatial infinity A | = 0,

hij = hZ;T, pij = pZZZT (564)
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Equations for perturbations of lapse and shift functions J{n” = 0 (or An#(x) = 0) also have zero solution
in view of the same Dirichlet boundary conditions n”|« = 0. Thus, boundary conditions N*|o, = ¢’ enforce
nonzero lapse function — the gravitational Lagrange multiplier — even despite time-independent gauge conditions.

The same guarantees nonzero physical Hamiltonian Hy in asymptotically-flat spacetime. As it was discussed
in previous lectures, the Gibbons-Hawking surface term in GR action, which plays the role of nonvanishing
Hamiltonian Hy, should guarantee cancellation of the second-order derivatives normal to the timelike (side)
boundary in the 3-curvature scalatr )R = 9?0’h;; — Ah + ... of the total ADM Lagrangian of the theory.
Bearing in mind that in asymptotically flat spacetime N|x|—, — 1 one has by integrating by parts

Lipy = /d3x \ﬁN((?’)R +..)—Hy= /dsx (no second —order derivatives)
+ / dzUi(ajhij — azh) — Ho. (565)
|x|—00
This means that Hy should coincide with the surface term here, which is equivalent to the following expression,
Hy = / 204 (D hyj — O;h) = /d3x(3iajh,;j —AR) = /d3x (Hf> + 0(52)). (5.66)
|x|—00

In the last equality H(f) is the part of the the full Hamiltonian constraint quadratic in € = (7,5, p'7), and we
used the fact that

Hy=HY + HE +0() = ~0'9hyy + Ah+ B + 0(?) = 0.

Thus the total action of the linearized GR (quadratic in perturbations of two physical polarizations of the
gravitational field) is

S(Q)HLTT,])TT} = /dt /d3X [p;ZThz;T — Hf) (hTTapTT) ] (567)

Problem 5.4. Prove: [d3x H(f>(hTT,pTT) = [d3x [(piTjT)2 + (8khz;.T)2] and derive Lagrangian equations of motion:
(=87 + AL =0nfT =0

Thus the physical Hamiltonian of general relativity gets localized in the spacetime bulk even despite its origin
from the surface integral at the boundary of space sections.

Lecture 6. Quantization: from Quantum Mechanics to QFT

e Canonical quantization: a reminder
o QFT: normal ordering and the functional formulation of Wick theorem
e Spacetime condensed notations

e Interacting fields and interaction picture representation

6.1 Canonical quantization: a reminder

We begin by reminding basic principles of canonical quantization in quantum mechanics. Quantization of a
dynamical system with phase space variables ¢ = ¢*, p = p; and the Hamiltonian H(q,p) consists in promoting
these classical quantities to Hermitian operators

¢.p,H(q,p) = 4,0, H, (6.1)
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acting in the Hilbert space of states |1 ) with a positive norm (¢ |1 ) > 0. The phase space operators satisfy
canonical commutation relations

(4", Dk ] = §"Pr — Prd’ = ihd, (6.2)
which are postulated as a promotion of classical Poisson brackets to the quantum level, {¢,p} — [§,P] =

zh{/q,—p\} = ¢hl. Similarly, the commutator of other quantum operators 0= O(q,p) in the leading order in the
Planck constant 7 follow from the operator realization of their classical Poisson brackets

[01,02] = ih{01, 05} + O(R?), (6.3)
where O(h?) depend of course on the details of of the operator realization O(q,p) — @) and {01,002} —

{01, 00}.
Physical evolution in time is encoded in time dependent quantum state | ¢ (t) ), which satisfies the Schroedinger
equation

L d A
th— [9(t)) = H|y(t)). (6.4)

For conserved Hamiltonians explicitly independent of time a formal solution reads in terms of unitary evolution
operator U (t)

[0(t) = U@ [$(0), Ut)=e " THe)UE) =1 (6.5)

This operator intertwines the original Schroedinger operators with the Heisenberg operators satisfying the
Heisenberg equations of motion. I.e. for ¢ it looks like

u(t) =U'(t)qU (1), (6.6)
S (1) = [ (1), H), (6.7)

so that the Heisenberg equations of motion follow from the classical ones by the generalization of the Poisson
bracket to the quantum commutator with the Hamiltonian, {..., H} — [..., H]/ih. In what follows we will
basically use the units with = 1.

Consider now free systems with the quadratic actions and Hamiltonians of the form

1 N ,

Slq] = 3 /dt [aiquqk — (W?)irg'q" |, (6.8)
1 - 1 .

H(q,p) = §pia1kpk + B (W?)irg'q". (6.9)

In the simplest case a;i, is just a unit matrix (canonical normalization), and the matrix of the quadratic potential
is diagonal in frequencies of normal modes

air = ik, (W?)a = diag (w?), w? > 0. (6.10)
Then normal modes satisfy harmonic oscillator equation, G’ +w?q’ = 0. It has a solution which we write directly
for Heisenberg operators
1 1

i) = 32 (a(®da + i 0h). () = e i) = e E (61D

It is convenient not to identify the index A enumerating the basis functions with the label m of the phase space
coordinate ¢* (this will be clear later) and consider u(t) = u% (t) as a matrix. This is a decomposition in positive
and negative frequency basis functions — two complex conjugated sets u% (t) and u’; (t) which span the space
of all solutions. For any two solutions of the equation i’ + w?u’ = 0 one can introduce the conserved (but not
positive definite) inner product,

(ug,up) = i(ulig — alug) = z(uzl ik U5 — WGy ulg), %< 1,u2) =0, (6.12)
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which obviously satisfies the relation (wu},u5) = —(ws,u;). This inner product is conserved in virtue of
equations of motion and is used to split the whole space of solutions into those with the positive and negative
“norms”,

(ua,up) = i(”f:&k iy — U S U%) =0ap, (ui,up)=—0ap, (ui,up)=0, (6.13)

Their coefficients in the decomposition of Gz (¢) — the two sets of Hermitian conjugated annihilation and creation
operators a4 and &L — satisfy in virtue of the canonical commutators for ¢ and p the commutation relations

[a,d0] =0ap (6.14)

Problem 6.1. Prove this commutation relation and derive:
A _ AT koA _ wd - Zﬁ
a=(u,qH) = a =(u ,qH) = )
(u,qm) Ve ( ) o
where ¢ = ¢y (0) and p = py(0) — Schroedinger operators of coordinates and momenta (which can be treated as initial conditions
for Heisenberg operators) and we skip the indices 7 and A which are identified in this particular case with u’y ~ d%.

N wq +ip

Coordinate representation in the Hilbert space of ¥(q) = (¢|¥ ),

i) =ala) PPl = T2 v, (¥]9)= [ Ao (6.15)

i 0q
in the case of w # 0 can be replaced by the occupation number representation consisting of the vacuum state
|0) and the tower of Fock states | N) = | Ny, Na, ...)

aa]0)=0 |N>_—|| (A‘T‘)N |0), N = Np, N (6.16)
3 3 ) 90t -
A N 1,4V2

(q]0) = Wy(q) = H (ﬂ)1/4e—wi<qi>2/2 _ (H %)1/4 exp [_;qioﬁqu] : (6.17)

™

In this representation the Hamiltonian is diagonal
g 1 A2 27 N2\ __ AT A 1
H—QXi:(pi—l—wi(q))—ZA:(wAaAaA+2 , (6.18)
N 1
<MH|N>_5MNZ<WANA+2)7 51V1N:H61VIA-,NA' (619)
A A
Note: for the modes with wy = 0 occupation number representation associated with the Hamiltonian

diagonalization does not exist, and therefore another representation is needed — usually this is a finite set of
zero modes, for which the coordinate representation is used.

6.2 QFT: normal ordering and the functional formulation of Wick theorem

Formal transition from quantum mechanics to QFT with infinite number of degrees of freedom consists in
extending the range of the index of ¢* to include both discrete spin-tensor labels and spatial coordinates. Say,
for a scalar field p(x) and its canonical momentum 7 (x) this means

qi = @(X)a pi = W(X)v i X. (620)

The index i becomes condensed and, according to the DeWitt rule, contraction of such repeated condensed
indices implies integration over their continuous part, i. e. over spatial coordinates, the derivatives with respect
to phase space variables become 3-dimensional functional derivatives and the Poisson brackets respectively read

Z > /d3x, a(?f = &jx), {01,0,} = /d3x (52((9;) ;;9(; -1 @2)>. (6.21)
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Correspondingly the massive scalar field action

/d4 D —m*p?) /dt/d3 — p(x)(m* = A)p(x)] (6.22)
takes the form (6.8) with the functional matrices

air =0(x,y), wix=vVm?-—Ax,y), i—x, ky. (6.23)

Canonical commutation relations (6.2) with §; = §(x,y) read [@(x),7(y)] = id(x,y), and the decomposition
of the Heisenberg operators into positive-negative frequency parts looks as (6.11) with the basis functions —
solutions of the Klein-Gordon equation,

1

(27)3/2 2wy,

Note that A is also a condensed index, its contraction in (6.11) implies integration over p, > , = fd3p, and
u’ (t) is a functional matrix with respect to its two continuous entries ¢« = x and A = p. Commutation relations

e—iwpt—ipx, wp = \/Imv 1 X, A~ P- (624)

uly(t) =

for creation-annihilation operators [ap, /] =4d(p,p).

In the occupation number representatlon any operator O which can be expanded in powers of the ¢ and p
can be rewritten as power series in @ and af. Then by their commutation it can be converted to the normal
form in which all creation operators stand to the left of annihilation ones

O=: Zo pAmBr-Bugh 6l ap,..ap,, (6.25)

where (’)fﬁ;i‘Am’Bl“'Bn are some coeflicients of the operator monomials. The c-number function,

Ay...An,B1...By, % *
= E On'n ! Ay, .-y GB,...aB,, (6.26)

is then called the normal symbol of O. The action of such operator on the vacuum state and its expectation
value in the vacuum state obviously express like

o0

J AyAm - N
:0(a*,a): |0) = Z Olo ajﬂh...aTAm

m=0

<0| : O(&*,d) |0> = 00,0. (628)

0), (6.27)

The matrix element of the operator between two Fock states |7 ) = (a7)*|0) and |@) = (a)!|0) equals the sum
of terms resulting from the commutation of all @ and &' respectively to the right and to the left. The answer
reads a sum of all possible contractions of creation-annihilation pairs [da, dg} = d4p symbolically shown as

[1 | —l
(0@ a): |2) = Y (0]a* 3 Onalat)ma" @)']0). (6.29)

contractions m,n

The same applies to any monomial function of operators ¢ linear in creation-annihilation operators — any such
monomial equals the sum of normally ordered monomials with all possible contractions between ¢’s. This is
the content of the so-called Wick theorem

.. .. AU S

P1-Pn =1 P1.-Pn: + Z 901<P2 Pnt + Z D P1P2P3P Pt e (6.30)
single e

1 A A A

P12 = Q12— P1pa: = (0] P12 ]0). (6.31)
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Explicitly this can be written down in the following form

b b = €T L €T 0 €T €T :
&1(x1) P () = - g <1+/d dy 5%(:p)D( ,y)&pk(y)) ©1(21)..on () A (6.32)
D(z,y) = p(x)$(y) = (0] $(x)3w) |0), (6.33)

where D(z,y) is the two-point kernel of this contraction. Here the second order differential operator in func-
tional derivatives performs all the needed contractions in the chain of operators ¢1(x1)...9n(z,). The sequence
of operations is as follows: first all operators are replaced by c-number functions, secondly their pairwise con-
tractions are inserted, thirdly the remaining functions are again replaced by the operators which are normally
ordered.

This Wick theorem can be reformulated in a more elegant (and useful, as we will later see) form for the
special case of the symmetrized product of operators on the left hand side. Functional formulation of the
Wick theorem states that any symmetrized monomial operator can be represented in the normally ordered
form by acting on this monomial with a special exponentiated differential operator

1 1) )
Sm(Asc ...A:vn)::ex </dzd D(x, ) z1)...0(x . 6.34
ym(@(@1)...¢(wn) {5 yD(z,y) 502 39 p(x1)...p(xn) o (6.34)
Here symmetrization is given by n! terms with all possible permutations (1,...n) — o(1,...n) of the original n
entries, divided by overall n! factor

Symf(1,..n) = %Zf(o(l, ..n)). (6.35)

Note that this symmetrization on the left-hand side is very important, and although contraction D(z,y) is
generally not symmetric, only its symmetric part contributes to the right-hand side of (6.34). Rigorous proof of
the theorem is somewhat lengthy and can be found in [A.N.Vasiliev, Functional methods in quantum field theory
and quantum statistics, St Petersburg University Press, St Petersburg, 1976; Overseas Publishers Association,
Amsterdam B.V., 1998]. It begins with the proof by induction of the Eq.(6.32) and then this equation takes
the form of (6.34) when applied to the symmetrized monomial.

6.3 Spacetime condensed notations

Remarkably this theorem can be further reformulated in even more concise form by using spacetime condensed
notations. In these notations we include not only spatial coordinates into the condensed index, but also absorb
into this index the time itself. In contrast to the canonical formalism, this will allow us in what follows to make
the formalism Lorentz covariant. As a rule we will pick up such indices from the first part of Latin alphabet.
Thus, the generalization of the above technique to the fields of nonzero spin with some spin-tensor and isotopic
structure, labelled by discrete indices I, looks like

olx) = ¢I(:1:) =¢% aw (I,x), z=a2"=(2"x). (6.36)

DeWitt summation-integration rule in these spacetime condensed notations implies both space and time inte-
gration in contraction of their indices

vat = [ d'a 3 wr(@)o ), (6.37)
I

so that Wick theorem for symmetrized products of free Heisenberg operators takes simple readable form which
is easy to memorize

o P

Sym(¢1...¢n) —: exp (; D“b5¢a rW’) Brbn| o (6.38)
™ NN

D™ = ¢¢" = (0]9"¢"|0) (6.39)



As mentioned above D can be replaced here by its symmetrized version DY),
Dlab) — Sym(éaéb)—: P (6.40)

so that when used in (6.38) this difference between two types of operator orderings (symmetrized and normal)
matches with the difference of these orderings in the left and right hand sides of Eq.(6.38). The exponentiated
differential operator factor serves as a transition between these two orderings. In what follows we will see how
this mnemonic rule extends to other types of operator orderings (chronological and others).

In terms of spacetime condensed notations the positive-negative frequency decomposition takes the form
where the matrices of basis functions serve as coefficients of transition from the “vectors” of creation-annihilation
operators to Heisenberg operators qAS“ This in fact suggests to rewrite this relation in “supercondensed” form
with all indices omitted — u is a functional matrix u9%, @ = G4 is a vector whose components are labelled by the
index A (unfortunately it is in the subscript position, but we will leave it “covariant”),

P = Z (u4aa + u%al ) =ua+ u*al. (6.41)
A

Thus we have for contraction matrix

ZuA O\aAaB\O uly —ZuAui’: = D=uul, ul =u7, (6.42)
A.B

where Hermitian conjugation of u — u' is understood as its complex conjugation and transposition. Note,
however, that the condensed indices a and A of u9% are very different in nature — a is spacetime condensed
because it contains time ¢t = 2°, whereas A is essentially space (canonical) condensed, for this entry contains
only spatial coordinates or dual spatial momentum (see above expressions for u of the scalar field),

u®y = u'y(t) = up(w), aw (i,t) = (x,2°) =2, A p.

Correspondingly, functional contraction of A = p does not involve time integration — it incorporates only spatial
quantum numbers summation and integration, > , — [d®p. In particular, for a scalar field the contraction
function D is the positive-frequency Wightman function,

e—p(z—y)

D(x,y) = / 0 up () 5 () = (2717)3 / *p =iz y). (6.43)

2 Wp Po=-+wp

Problem 6.2. Derive this expression and show that it gives a positive-frequency part of the Pauli-Jordan commutator function:

[¢(z),8(y)] =iG(z,y), GClz,y) =GP (z,y) + G (z,y), G (z,y) =[G (zx,y)]", (6.44)

6.4 Interacting fields and interaction picture representation

Thus far, it was the quantum theory of free fields. Now we turn to interacting fields with nonlinear
interaction in their action functional. The first thing to do, in order to build the perturbation theory, is to
split the field into the background configuration ¢y and perturbation h and expand the action in powers of h,

¢=¢o+h,

6S 1 428

hh+SI[¢07h]7 SI[¢07h]:O[h3]7 (645)

where we use adopted above spacetime supercondensed and condensed notations, implying in particular that
the second order term reads as

LS|, 1 8%
2 0000 |,, 2 0¢°0¢b |,

a b 4 4 I J
he h /d Y ST )5¢>() W@ W) (6.46)
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If one chooses ¢ as some fixed solution of classical equations of motion §5/0¢|s, = 0 and treats S{¢o | as an
inessential constant, then the action of a new field h begins with the quadratic order and contains a nonlinear
interaction term O(h?®). The transition to the canonical formalism of this field, h — (g, p) correspondingly
results in the total Hamiltonian consisting of a quadratic part Hy and the interaction part V' beginning with
the term cubic in (g, p). Therefore, at the quantum level this Hamiltonian

H=Hy+V, (6.47)

drives the Schroedinger evolution of the quantum state
m— |(t)) = (Ho+ V) [4(t))- (6.48)

The ansatz for the solution of this equation in the form

[9(8)) = e 00 |4y (t) ), (6.49)

allows one to go over to the interaction picture representation in which the quantum state | 1;(t) ) satisfies the
Schroedinger equation

Zh* [r(t)) = Vit) [r(t)) (6.50)

with the interaction Hamiltonian V;(#) in this representation
Vi(t) = etV (g ) et = V(an(t), pr(1), (6.51)
Qn(t) = ot Ge oty (1) = it o, (6.52)

The time-dependent phase space operators ¢;(t) and pr(t) of the interaction picture representation satisfy the
equations of the linearized theory

Z%QI@) = [(jl(t)ng]v Z%ﬁ](t) = [ﬁ](t),ﬁo]. (653)

Slnce [Vi(t),Vi(t')] # 0, the solution for |+;(t)) is more complicated than a simple exponentiation of
f dt V . It is the evolution operator U(¢,t_) in the interaction picture representation,

[0i(t)) = U, t) [a(t-)), (6:54)
Ut 1) = ettt gmifl(t=to) oMot (6.55)

which is given by the chronologically ordered T-exponent,

Ut,t_) =T exp —z/ dt' Vi (t ))
35

Chronological ordering symbol T means that all factors are ordered from right to left in the direction of growing
value of their time argument, operators at later times standing to the left of those at earlier times. Formally
this can be written down as a sum over all possible n! permutations of positions of factors — each term weighted
by 1 or 0, depending on the order of time arguments

T(Vi(t)Vilte)Viltn)) = 2 0t = 12)0tz — ta).0 0t — ta) Vi () Vi(t2)- Vi(ta),  (6.57)

0(1,2,...n)

/du/ dts.. /dt T VI (1) Vi (t2).. Vi (t )) (6.56)

where 6(z) is a step function

0(z) = { 0 woo. (6.58)



For n = 2, for example, this product reads
T (Vit)Vilta)) = 0t — t2) Vi(t)Vi(t2) + 0(t2 — t2) Vi (t2)Vi (). (6.59)

For coincident time arguments the ordering prescription should be additionally fixed, which basically implies the
specification of the value of f(x) at « = 0. This, however, will not be important for us in what follows, because
this is the set of points of measure zero, which is responsible for ultraviolet divergences and renormalization to
be separately considered.

Properties of the T-exponent:

1) U(t,t_) satisfies the composition law U(t,t_) = U(t,t,)U(t1,t_). This can be proven by calculating
O, (U(t, t1)U(t1,t-)) = 0.

2) Unitarity, UT(¢,t_)U(t,t_) = 1 - follows from Hermiticity of V;(t).
3) Variational law under V;(t) — Vi (t) + 6Vi (),

SU(t,t_) :—z/ dty U(t, 1) 0Vi(t1) U(ty,t-) (6.60)

This can be proven by solving the next problem.

Problem 6.3. Prove that (6.56) solves the Cauchy problem for the unitary evolution operator U(t,t_)

.d
i—
dt

Ut,t_)=Vi@)Ut,t_), U_,t_)=1 (6.61)

and the above variational equation. . . .
Hint 1: use complete symmetry of T (V7(t1)Vi(t2)...Vi(tn)) with respect to permutations of ¢1,..t, and the fact that the

integration measure in (6.56) can be replaced by fti dti...dt, = n! fi dt1 ftti dts... ftt:"_l dtn, .

Hint 2: Prove by integrating Eq.(6.61) that U(t,t_) =1 — ifti dt' Vi(t'),U(#,t_) and solve this integral equation by iterations
— that is by systematically substituting the solution from the previous perturbation step into the right hand side of this equation,

Ut,t_)=1+ Z / dt, /t1 dta.. /tnf1 dtnT(V[(tl)VI(tg)...VI(tn)). (6.62)

_ Let us now choose a special type of perturbation which is linear in the operators of phase space variables,
SVI(t) = —8ja(t)p%(t) = —8Ji(t)G: — 6T¢(t)pl (t), with the c-number coefficients — the variation of the sources

Ja(t) = Ji(t), I'(t), (6.63)
dual to the full set of interaction picture operators ¢®(t) = Gi(t), p!(t). Then

1 5U(t+7 t—)
i dj(t)

and similarly the n-th order functional derivative gives

= Uty tr) dr(t) Ultr,t_ ):T(éf(tl)fj(ur,t,)), (6.64)

1 S0t ) . S
- m — Oty — t2)0(t2 — t3).B(tn—1 — tn) Ults,tr) ir(tr) Ults, t2) i (t2)e-br(tn) Ultn, t )

+ permutations (1,2,..n) =T (gf;](tl) Dr(tn) Ulty,t_ )) . (6.65)

If we use the spacetime condensed index a = (i,¢) which includes the time label, then this relation takes a very

concise form
16"U(ty,t) o e
Z 0 T ) (gm0 Ut ). 6.66
i" 0jay---0Fa, ( I 1" Ut )) ( )

Note that the chronological product of operators is by definition completely symmetric with respect to permu-
tations of their condensed indices a — time arguments and associated spatial and spin labels, which is consistent
with commutativity of variational derivatives here.
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Lecture 7. S-matrix and canonical Schwinger-Dyson equation

S-matrix

Schwinger-Dyson equations in the canonical form

Solution of Schwinger-Dyson equations and the canonical path integral

Calculation of the path integral via the Gaussian functional integral

Now we are ready to formulate the notion of S-matrix and set up the scattering problem. We assume that
interaction switches off in distant past and distant future labeled by t1 — 4o00. Therefore, in these asymptotic
limits the theory is described by its linearized approximation with the free Hamiltonian Hy. Tts physical states
in the interaction picture representation are free multi-particle states of the Fock space (6.16)

| Ay, Ay ) =alyaly |0). (7.1)

As |91(t)) evolves in time by the evolution operator (6.54), the transition from the remote past state to the
final future state is governed by the S-matrix

|r(+00)) = 8| ¢r(—00)), (7.2)
§= lim U(ty.t). (7.3)

The amplitudes of transition from the initial multi-particle state to the final one are then given by the matrix
elements

(By,..Bm | S| A, ... A, (7.4)

which define the probabilities of transitions Pray— {5y = |(B1,...Bm | S| Ay, ..A,)|? and relevant measurable
cross-sections of particle scattering.
Note that according to (6.55) the S-matrix factorizes into the operator product of two “half” S-matrices

S = 2 (+00) 2(—00), (7.5)
Q(t) = it g=itot (7.6)
The unitary operator £2f(t) = £271(t) intertwines the Heisenberg and interaction picture representations

o (t) = Qt)pr ()21 (1). (7.7)

The existence of well-defined limits of this operator at ¢ — +o0o can be intuitively explained by the fact of
adiabatic switching the interaction off or turning it on in these asymptotic limits, H — H,, so that a naive
infinity of the phase of £2(t) in (7.6) cancels out. The operators £2(Foo) are responsible for turning on/switching
off the interaction during the half-evolution from ¢t = —oo to ¢ = 0 or half-evolution from ¢ = 0 to ¢t = +o00. The
moment ¢t = 0 is the point at which all three types of operators — Schroedinger, interaction and Heisenberg —
coincide, ¢ = 51(0) = ¢?H(O), and the interaction is fully enforced. These operators also relate the asymptotic
states |[{A}) =| A1, ...A, ) to the so-called ‘in’/‘out’ states | {A}, ),

[{A}, £) = 2(Foo) [ {A}), (7.8)

which are exact eigenstates of the full Schroedinger picture Hamiltonian H, (H — E¢ay)[{A}, £) = 0. These
two sets of solutions of the stationary Schroedinger equation are distinguished by the fact that, when evolved by
the full evolution operator respectively to ¢ — Foo, they tend to free quantum states with the same quantum
numbers {A} including their relevant energy Egay, e[ {A},+) — e~"Fiart| {A}). All this holds when the

spectrum of the full Hamiltonian H coincides with that of the free one Hy, which is a typical assumption of
perturbation theory in V. The details of the ‘in’/‘out’ states and their role in the relation between the so-
called old-fashioned or stationary scattering perturbation theory and the modern time-dependent perturbation
theory of S-matrix can be found in [ S.Weinberg, The Quantum Theory of Fields, Cambridge University Press,
Cambridge, 1993, volume 1, Section 3 ]. Here we proceed with the time-dependent perturbation theory which
is capable of maintaining the manifest spacetime covariance.
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7.1 Schwinger-Dyson equations in the canonical form

Here we introduce Schwinger-Dyson equations for the generating functional of chronological products of
Heisenberg operators. Schwinger-Dyson equations are a consequence of equations of motion for these operators.
The solution of Schwinger-Dyson equations allows one to construct the path integral representation for the
S-matrix, and this is the goal of our further work.

To begin with note that in view of (7.7) and the fact that U(t,t') = 2 ()£2(t)

T(¢1(t1).-¢1(tn)S) = 27(00) T(a (t1)...Pm (£n)) 2(—00). (7.9)
This relation obviously applies to any operator functional F[QAS]] expandable in powers of its argument and
chronologically ordered. For a particular choice of F[¢] = exp (i [ dt j(t)¢(t)) = exp (i ja¢) it reads

—+oo +oo

T { exp (z /
What stands on the right hand side is the limit t4 — oo of the same chronologically ordered functional of
Heisenberg operators

dtj0)31(0) ) $ } = @ oo) Texp (i [

— 00

atj(6)du(t) ) 2(—o0). (7.10)

oo

Htirt) =T = T exp (i /ﬁ t (1) bur (1)) = T exp (i /f @t (O a0+ FO ). (711

where similarly to (6.63) j,(t) = J;(t), I'(t) are the sources dual respectively to the operators of phase space
coordinates and momenta.

As in (6.66) this object as a functional of the c-number source j(t), Z(t4,t_) = Z(t4,t_)[J(t),I(t)] gener-
ates chronological products of Heisenberg operators,

16" Z(tyoto) _

" 0jay0ja, T (905 Z(t4,t-)), (7.12)

every variational derivative lowers from the exponential the relevant operator and places it in chronological order
with respect to all other operators, including those contained in Z(¢4,t_). Therefore, for a generic operator
functional F[¢y ] one has

T(Flén121i]) = F[ -] 215 (7.13)

Another obvious property of Z (t4,t_) is that it satisfies with respect to t4 the “left /right Schroedinger” equa-
tions with the Hamiltonians i ¢p (t4)7(t+),

100, 2ty to) = —j(ty)om(ty) Z(ty,to), 0, Z(ty,t_) = Z(ty,t-)j(t_)m(t-). (7.14)

Consider now Z = Z(t4,t_) at t. — oo and apply to it the operation d;(5/dja(t)),

at(wj‘i(t)) 2 =0T (65 2) = 0u(Z(00,) $(1) Z(t, ~ox) ). (7.15)

Then consecutively use Eq.(7.14), the Heisenberg equation of motion
N 1~ . S
Odn = [om H] =10, H} |, 4, (7.16)
and the relation (7.13) to obtain
Z(oo,t) (#1830, 850 (0) + 165 HY |y 50 ) 28 —0)
=T { (= €n(®) +{6* H} [ 45, 1) Z}

= € jy() + 16° HY | p=sfisin)) 2 (7.17)

t) ‘ $=5/i5; Z
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Here the symplectic matrix €?® determines canonical equal-time commutator of Heisenberg operators
la " . a - a a 0 1 = (20— 0 -1
O e B B e e R s

and it is understood as acting in the space of phase space columns (we omit for brevity the indices of ¢* and p;)

qs:[ﬂ. (7.19)

Now the functional variational equation on Z[j] can be rewritten as

€ab ((bb - {(bbv H}) ‘ $=5/1i675(t) Z[]] = _ja(t) Z[] ]7 (7-20)

but what we have in the left hand side is just the variational derivative of the canonical action

S[6] = Sla,p] = /fo dt (pd — H(q.p)) + B, (7.21)
% = €ab (¢b - {¢)b7 H} )7 (722)

where B is some surface term at the spacetime boundaries t+ — +o00, which should guarantee correctness of
the variational procedure and which we shall consider in more detail later. Thus finally we have

=

+ja} ’ Z[j]=o. (7.23)
$=5/i5;

This is the final form of the canonical (or Hamiltonian) Schwinger-Dyson equations. Note that this is a canonical
first-order formalism with time derivatives of maximum first order. This is in contrast to the usually considered
Lagrangian Schwinger-Dyson equations which are basically equivalent to the the canonical ones and look the
same, except that the set of ¢® includes only the configuration space coordinates ¢, and S[q] is just the
Lagrangian action. Later we will discuss this in more detail.

In the next lecture we will solve these Schwinger-Dyson equations in terms of the phase space path integral
and will derive the so-called reduction formulae relating the path integral to S-matrix.

7.2 Solution of Schwinger-Dyson equations and canonical path integral
It is useful to go over from the operator A [j] to its c-number analogue — its matrix element between the in
and out vacuum states defined by Eq.(7.8),
23] =(0,~ | Z(+00,-00) |0, +) = (0, | T |0, +), (7.24)

where for brevity we used spacetime condensed notation, jagg‘}l = j;o dt ju(t) (iA)“H(t), in which the index a

carries both space and time continuous labels, and contraction of such indices implies spacetime integration.?
In view of (7.8)-(7.9) this vacuum-to-vacuum transition amplitude equals the expectation value of the S-
matrix S[j] in the interaction picture vacuum state |0),

Z[]1=(0|5[4]10), (7.25)
where the S-matrix in the presence of the external c-number source j, is
+oo

S[j] =T (7% 3) =T exp [—z/ dt (V1(t) — ja(t) q@?(t))] (7.26)

— 00

2In what follows we will, when it is necessary for clarity, distinguish between the spacetime condensed index a of any variable ©O¢
and the canonical index of O%(t) by a simple rule — if the time argument of the variable is explicitly written down then its index is
canonical, whereas for spacetime condensed indices and their contractions the time arguments will not be explicitly written down.
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In view of (6.66) this is a generating functional of Green’s functions — vacuum expectation values of chrono-
logical products of interaction picture operators with S-matrix S[j] or equivalently the matrix elements of

products of Heisenberg operators between in and out vacua,
1 5nZ[]] s Tan Qf Ja la
7"76]' 5 :(0|']I‘( T S[j])|0):<0,—|’JT(¢H1... }}l)|0,+>. (7.27)
ay---¥Jan

At j = 0 the Heisenberg operators ¢ (t) obviously coincide with those defined in Eqs.(7.6)-(7.7), while for the
nonvanishing sources — the situation which is called off shell — they are determined by the unitary evolution
with the total Schroedinger picture Hamiltonian including the source term,

H— ﬁ[]](&i) = ﬁ(&) — Ja(t) an' (7.28)

Note that in this case even in the Schroedinger picture the Hamiltonian ﬁ[j]($7 t) is explicitly time dependent,
so that in Eq.(7.7) the following replacement should be done

A t ~ ~
¢t T exp [2/0 dt' Hy (6, ) } (7.29)

In what follows, for brevity, we will not mark off-shell Heisenberg operators by extra label.

Problem 7.1. Show that Eqgs.(7.5) and (7.7) hold off shell with £2(t) replaced by

t »
Q) =T {exp [Z/o dt/ H[j](¢>,t’)]} e ot (7.30)
where Tt denotes the anti-chronological ordering. Then the off-shell operator of unitary evolution and off-shell S-matrix read
. - S A R Y . .
O j)(tp o) = elHotT{exp [Z/t, dtH[j](¢,t)]} e~ ot = F - (£4) 9 5(t-), (7.31)
8151 = 0 (+00) 2 j)(~00). (7.32)

Altogether the off-shell extension corresponds to including the sources for all phase space coordinates and
momenta in the full action of the theory

+o0 ) )

S[01 = S[6.] = 861+ 4a” = Sla.p 211+ [ dt (5060 +F O pi(0). (733)

The in-out vacuum-to-vacuum matrix element of the operator Schwinger-Dyson equation (7;23) implies that

the same equation holds for the generating functional Z[j] (note that neither |0,+) nor {2(+o0) in (7.10)
depend on the source — these are on-shell objects)

[

As equations of motion §5/6¢% = eq (#° — {¢", H}) involve time derivatives, this equation in partial and
variational derivatives requires setting the boundary conditions both in time and in the functional space of
Ja = Ja(t). The boundary conditions at ¢ — oo follow from the following observation. Consider §Z/i0j(t) at
t — —oo (the quantity that stands under the time derivative and, therefore, requiring initial conditions). It
equals

+ja} ’ Z[j] =0. (7.34)
$=5/ib]

8Z[¢]
i85(1)

= (0| Tdr(—00)510) = (0] 8 dr(—00) [0) = (0] 5} (~00) |0), (7.35)

t——oo

where g%_)(t) ~ a' et is the negative frequency part of the free theory operator. This means that the positive
frequency part of 6Z/idj(—o0) equals zero

57111 s 5
). s o 20

=0, (7.36)

t——o0
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t),pr(t) in the theory with a free Hamiltonian (6.18) is

where we took into account that this part of ¢;(t) = G(
a ~ wqr(t) +ipr(t). Analogous considerations give in the

proportional to the annihilation operator, Ag‘”(t) ~
asymptotic future

17(=)
[f?y[(]tﬂ - [wi(ij(t) - 516(15)} Z[1,7J] ‘Hm = 0. (7.37)

In other words, only positive and only negative frequency parts of the field are propagated by the unitary
evolution respectively to the asymptotic future and asymptotic past of the system. This is expressed by these
homogeneous boundary conditions in functional derivatives at t — Fo0.

Now we will look for the solution of Schwinger-Dyson equation (7.34) in the form of the functional Fourier
integral

Z[jl= [ D¢e'i®" ([¢]. (7.38)
{¢}

Note that ¢ = ¢“ is a c-number field unlike the operators é considered above. This is a formal generalization of
the multiple Fourier integral to infinite dimensional case with a formally defined Liouville integration measure
in phase space of the theory.

Do =[Tds" = DaDp =T (ITda'®) T (TLdrt)). (7.39)

Integration here runs over the class of fields { ¢ } = { ¢(¢) } which should be specified regarding the behavior
of their “paths” in time at ¢ — +oo. We will derive this class from the boundary conditions for Z[j] obtained
above.

Using (7.38) we consecutively have

sl o 2131 [ pocto) (T2 ) e

$=5/i]
_ dS[¢] 1) iivdt 65[¢] _M o
_/{¢}D¢C[¢]< 5¢a +W)e]¢ _L¢}D¢< 5¢a <[¢] i6¢a)ej¢) (740)

where we functionally integrated by parts on the assumption that the rules of Fourier transform apply also in
the functional case. Equating the right hand side to zero we get

dIncfo] _ 65[¢]

i6¢a - 6¢a b (741)

whence
¢[#] = const e S[¢], (7.42)

where S[¢] is the canonical action (7.21) with a yet unknown boundary term Sp. This term should guarantee
the correctness of the variational procedure which, in its turn, is determined by the class of functions ¢(¢) over
which the integration takes place. This class can be derived from the boundary conditions (7.36)-(7.37). Indeed,
these boundary conditions imply

[WL o

ORI 2131 ‘H;oo = )i Dge'7?" ([¢] (wq(t) +ip(t)) ‘ =0, (7.43)

t—Foo

and they get granted if this class consists of functions having positive or negative frequency asymptotics respec-
tively at future and past infinities,

{o(t)}:  wq(t) £ip(t) {Hm =0. (7.44)

Thus phase space integration variables in the path integral repeat the boundary conditions for the vacuum-to-
vacuum matrix elements of Heisenberg operators.
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Then educated guess hints that the surface term in the canonical action takes the form

Sp = 3wq2 —kzwq2 , (7.45)
2 t—too 2 t——o0
because the variation of the total action (7.21) reads
ty
80] = [dtssten (&' (1)) |,  +rivade  -G-wod| (140
ty—+oo t——+o00 t——o00
.

and with the boundary conditions of the above type does not at all contain surface terms at t4 = 4oo. It
contains only the bulk term which confirms the expression (7.22) for the functional derivative of the action.
This expression was critically important for the derivation of the path integral form of Z[j].

Note that this result fully agrees with quantum mechanical path integral for the kernel of the unitary
evolution in the Schroedinger picture representation,

Ly
U(ty,q|t—,q-) = const / DqueXp{i/ dt(m—H(q,p))}, (7.47)

a(t+)=q+ -
where the integration runs over the phase space paths interpolating between the coordinate points ¢, at ¢, and
g at t_. With the vacuum state in the coordinate representation (6.17) the vacuum-to-vacuum matrix element
of this evolution operator equals

/dq+ dq- 5 (q+) U(ts, g4 |t—, q-) ¥o(q-)

[t . 1 1
= const/Dq Dp exp { z/ dt (pq — H(q,p)) — 5w qi — QW > }, (7.48)
t

where the path integration now runs also over end points g4+. The total action in the exponential of this
integrand confirms the form of the surface term (7.45). The boundary conditions on a full set of phase space
variables ¢ = ¢,p at t+ are not directly visible here, but they can be derived at least within the saddle-point
approximation for the path integral, which will be done later.

Let us summarize what we have got thus far:

The generating functional of Green’s functions is given by the phase space functional integral
Z|[j] = const D¢ ei(s[d’]"'jad)a)7 (7.49)
{o}
where S[#] = S[q,p] is the canonical action on phase space of $* = ¢*(t), p;(t) and integration runs over the class of paths in this

p
space {¢} = { #(t) } satisfying special positive-negative frequency boundary conditions

(7.50)

t—too 2 t——oco’
{o(t)}: wq(t) L ip(t) | tFoo = 0. (7.51)

The constant normalization of Z[j] remains undefined, but it is physically irrelevant because, as we will see below, it does affect
S-matrix.

oo . o9 oo
Slq,p] = dt(pq—H(q7p))+§wq ‘ +-wgq

7.3 Calculation of the path integral via the Gaussian functional integral

The rules of path (functional) integration might seem not rigorous and incomplete for the calculation of
S-matrix and relevant physical amplitudes. Here we will show that the rules formulated above are actually
sufficient for calculations within perturbation theory. This is based on the reduction of these calculations to the
calculation of the Gaussian path integrals. In certain sense this is a counterpart to the mathematical justification
of Fourier transform via Gaussian integration.
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To begin with, note that the splitting of the total Hamiltonian in the quadratic part and nonlinear interaction
H = Hy + V corresponds to relevant decomposition of the total canonical action into the quadratic and
interaction parts (similar to the expansion (6.45)). In supercondensed form this reads as

S16] = 5 S0 8 + Sl 8] (7.52)
+oo 0
- 2l

where Sy = S = 625/6¢0¢ | 4, and S(()n) are the second and higher order functional derivatives of the action
at the background value of the field ¢y which for simplicity is assumed to be zero. Sy = S[¢o] is also assumed
to be zero (or absorbed into a constant normalization of Z[j], which we will also omit in what follows), and the
linear term is absent, because ¢q is a background solution of equations of motion. With these notations Z[j|
can be rewritten as

Z[j] = D¢€i<s[¢]+ja¢a) = exp (Sint{i}) Doez 5¢¢¢2+ij¢’ (7.54)
{9} 0517 Jigy
where we extracted the contribution of the interaction term outside of the integral in terms of the exponentiated
functional variation operator exp (Sint[d/407]). This is, of course, a commutative analogue of the operator
relation (7.13), which is based on a simple fact that €?/¢ is an eigenfunction of the differentiation operator 4/id;j
with the eigenvalue ¢.

We have got here the Gaussian integral of the form

Zo[F,j]= | Dees @ Fund"+idud, (7.55)
{¢}

where the functional quadratic form with the kernel F,;, = §25/3¢%6¢” — an operator acting in the space of ¢°
— reads in spacetime condensed notations and canonical condensed notations respectively as

t4
7 7
56 Fud =5 [ dtat ()

S0
soroar@) o

For a local Hamiltonian action (7.50) Fgp is a delta-function type kernel of the first order differential in time
operator Sgp(d/dt)

__ S8[¢] d /

Fab = W = ab(%) (5(t —t ), (757)
dy _ d  9*H(¢)

Sab(%) —Gaba_ 8¢"8¢b’ (758)

’ Problem 7.2. Derive this expression. ‘

Integration in the Gaussian integral (7.55) runs over paths denoted by {¢} with some linear homogeneous
boundary conditions at ¢+, which in our case are given by positive-negative frequency boundary conditions
(7.44). In the calculation of (7.55) their type will be unimportant for a time being, because we want to calculate
this integral in a more general case. Also we can keep the limits ¢4 finite, rather than taking them to infinity.

If (7.55) were a finite dimensional integral, its calculation would be trivial and would reduce to finding the
determinant of the finite dimensional matrix Fj; and its inverse. In the functional case the derivation is more
involved and seriously uses the boundary conditions. First of all, shift the integration variables ¢ = ¢y + ¢ in
such a way that ¢g solves the condition of stationarity of the exponential in (7.55) (the “classical equation of
motion” for the full exponentiated action) and demand that ¢ satisfies the same boundary conditions as {¢} —
that is belongs to the same functional space {¢}. This means that ¢, satisfies the equation

Fop®S + ja =0 (7.59)
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and the same linear homogeneous boundary condition. Then, if F,;, is invertible on the functional space {¢},
then

¢t = Gy,  FuGU = —5¢, (7.60)

where G is the inverse of F;; on this space — the Green’s function of the operator (7.57) subject the boundary
conditions of {¢}. Using the decomposition ¢ = ¢ + ¢ in (7.55) we have
. 1 ab - EAPCY AL T ab -
Zo[F,j] =exp (§jaG jb) Dpez ¥ “ab¥ = exp (§]GG jb) Zo[ F,0]. (7.61)
{o}
To find Zy[ F,0] make the following chain of identical transformations for the variation of this quantity with
respect to the operator variation, F,p, — Fup + 0 Fyp,

i . i 5220 F, 7] 1
SpZo[F,0] = L [ Dp(poFp)es e =" ai" = Z §Fy, G 2| F 62
rZl POl =5 [ Dp(pdPo)et o0 = LR, S0~ SR, G ROl (162
{4}
whence
1 o 1
6p(In Zo[ F,0]) = =5 6Fa(F)" = =5 Tr (F16F), (7.63)
or
Zo[ F,0] = const exp ( - %Tr lnF) = const (DetF)fl/z, (7.64)

where Tr and Det denote the functional trace and the functional determinant of the operator on the correspond-
ing space of functions with given boundary conditions.

Problem 7.3. Prove this formal relation, InDet F' = Tr In F, between the trace of the logarithm of a linear operator and its
determinant.

Hint: Use variational equation for a determinant and write down the integral representation for F~1 = fooo dse ¥ and for
In(F/Fo) = — [5° ds (e7F — e75F0) /s,

Thus, finally the Gaussian path integral equals
. L%y P +i jo b —1/2 7 . b b
Zo|F,j] = Dge2® Hab® THa®" — const (Det Fab) exp (5 JoG* ]b>, Fup G = =65,  (7.65)
{o}

where the Green’s function G® and the functional determinant of F,;, are both determined by boundary
conditions of the functional space {¢}. For a finite dimensional multiple Gaussian path integral the question of
boundary conditions never arises, but in the path integral case such specification regarding boundary conditions
is critically important, because they are invoked to fix uniquely G* and Det F,y, .

Using this result for the Gaussian path integral in (7.54) we get

Z|[j] = const exp (z Sint { % D exp (%jaGabjb), (7.66)

where all preexponential factors, including the j-independent (Det F)~'/2 (note that F = See | ¢, 18 independent
of the source), are included into the constant normalization coefficient.

Lecture 8. S-matrix in Lagrangian formalism and LSZ reduction for-
mulae

Wick theorem for chronological products

Path integral in the Lagrangian form — integration over momenta

Transition to Lagrangian formalism

Lehman-Symanzik-Zimmermann (LSZ) reduction formulae
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8.1 Wick theorem for chronological products

The above expression for the generating functional, which was derived from the Gaussian integration
method, should of course be understood as a perturbation theory in interaction part of the action

exp (1S 1) = 148 ] 5 (15[ 2 ]) 1

We show now that it corresponds to the functional formulation of the Wick theorem for chronological products
— the so-called Chori formula. For this purpose this expression can be further transformed as follows.

We represent the second factor in (7.66) as the result of action of the exponentiated differential operator in
variational derivatives §/5¢ on e'/? at ¢ =0

exp (% jaG“bjb) = exp ( 0 G i) e ‘ 0’ (8.2)

7
2§00 Sgpb

and then commute the differential operators in ¢ with that in j,

Z[j]zconstexp(iSim[iD exp( i G“bi>€”¢‘¢:07

0] 24800 Sgb
= const exp ( - % 5;55& Gt %ﬁb) e Simlo]+ije ‘¢—0 (8.3)

This result of the Gaussian integration and perturbation theory in Sj,; corresponds to the transformation
of the chronological operator ordering to the normal ordering — Wick theorem for chronological products of
interaction picture operators. This is the analogue of the Wick theorem for their symmetrized products. For
any monomial of operators ¢ linear in creation-annihilation operators it reads as a sum of normal products of
the monomials with all possible chronological contractions of pairs of operators ¢,

T@rn =: @roPni + D, 1 P1P2Pnt + > i G1P2Ps@a.Pni + oo, (8.4)
iingl; I—, double |_|_'—,
P12 = T (P1a)—: ¢1P2: = (0| T P12 10). (8.5)

Similarly to (6.38) for monomials of interaction picture operators it can be rewritten in the functional form with
the help of the chronological contraction D3

T(#R..é‘}") =: exp (; 5;; D% 0

ol M’) R PP (8.6)

Dy’ = cﬁ? = (0T 710) =0(t —t') (0] dF(1) $3(t)[0) +6(t' =) (0] 3(t) 7 (1) [0)  (8.7)
Here in D$* = D$*(t,t') the arguments t and ¢’ are associated with the condensed indices a and b respectively.

Let us prove now that this contraction is directly related to the Green’s function G of the operator (7.57)
with the positive/negative frequency boundary conditions (7.44) at future/past infinities,

G =iD§ =i (0| T ¢} 10). (88)

In view of the positive/negative frequency decomposition (6.41) D2°(t,¢') ~ eT™al at t — 400, so that it
satisfies the same boundary conditions as G = G (t,t'). Moreover, by acting with the operator (7.57) on
D% (t,t') we get

Sap(d/dt) DF(t,t') = 8(t — ') €as( 0| [$5(1), $7 ()] 10) = i 8(¢ —¢') 8. (8.9)

Here we took into account that Sabqgl} = 0 and used a usual property of the step function, 9,0(t —t') = §(t — ')
along with the equal-time commutator of phase space operators and normalization of the vacuum state (0]0) =
1. Thus iD2" satisfies the same equation as G,

Sy G = —6¢, (8.10)
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and has the same boundary conditions at ¢ —+ +ooc. As we believe that these boundary conditions uniquely
define the Green’s function of the operator S, the two-point function i D$® indeed coincides with G.3

With this observation Wick theorem for chronologically ordered monomials (8.6) can obviously be extended
to chronologically ordered functionals expandable in power series

- i 0 0
TFlgr] = oo (‘é 5o Gabéaﬁb) Flol ‘Mﬁ ‘ (8.11)

When applied to the functional F[¢] = e Sl #4107 _ the chronological ordering symbol of the S-matrix in
the presence of sources (7.26) (see the notation for the interaction part of the action (7.53))

SG1 =T (918) =T exp (i Sl dr] + i) ) (8.12)
and bearing in mind that (0|: O[¢r]: |0) = O[0] this chronological Wick theorem immediately gives
i 0

(01803110} = exp (= 5 502

Gab 5%})) exp (i Siual 6] + 16,7 ‘¢:0’ (8.13)
which coincides up to a constant factor with Z[j] — the generating functional (8.3). This derivation in fact
recovers the original definition of the generating functional as a vacuum expectation value of S-matrix in the
presence of sources (7.25) and can serve as a confirmation of equivalence between the Gaussian path integration
method and the functional formulation of the chronological Wick theorem. Unit value of the normalization
constant in (8.3), which is not determined from the derivation of the Gaussian integral in (7.62)-(7.64), easily
follows from the fact that S = 1 when both the interaction S;,; and the sources j are switched off.

Now we aready to derive the expression for on-shell S-matrix directly in terms of the generating functional
Z[j] — the so-called reduction formulae. We have for on-shell S-matrix

0

% 5" 621’) P (Z Si“t[(ﬂ) ‘¢—>a31:
: exp( [ D (—%52,1 Gaeb %&)eim‘(ﬁ_ﬂ;b]’:o:
[ 5

1) exp (5067 + 7t

S =T exp (iSim[éID = exp(

, (8.14)

1 exp (
§=0

where we commuted the differential operators in variational derivatives with respect to ¢ and j. Now we can
rewrite the exponential as follows

5 Ua = 85 Sea) G (o= Sva 99). (8.15)

5 3Gy +1 a0} =
— +—
Here S., denotes the usual action of the differential operator to the right, whereas S,4 implies its action to the
left in the sense of integration by parts of its time (and space if ever) derivatives. Explicitly, for any two test
functions

—+o00 —+o00

o= [ at (= Got0as - Oma) 00 = [ @t [sufaneo]elo. 610

where Hyg = 0°H(¢)/0¢” 0¢? and in the second equality we use the symmetry of the operator (7.57), Spq = Sap-

It follows from the symmetry of second order functional derivatives or from the symmetry properties under the
functional transposition (d/dt)T = —d/dt and epq = —egp. Obviously, the quadratic forms differing by the

3We agreed above to distinguish spacetime condensed and canonical condensed notations by either omitting or explicitly writing
down time labels. Correspondingly for differential in time operators and their kernels when the time derivative is explicitly
written down as an argument of the operator, its indices are assumed to be of canonical condensed nature. For example, the
chain of notations for one and the same object, Sys(= 625/6¢6@) = Sap(= 625/5¢*5¢%) = Sup(d/dt) 5(t — t'), Tuns from the
supercondensed notation to spacetime condensed and then canonical condensed one. Correspondingly, the action of the operator
in these notations looks like Sps¢ = Sqpd® = [ dt’ Sap(d/dt) 5(t — ') ¢°(t') = Sap(d/dt) ¢°(t).
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direction of the operator action in their kernels differ from each other by the boundary term following from
integration by parts. In case of the first-order differential in time operator Sg;, this reads

aa b o’y b a b t=too
1,[} Sab(yb :1/1 Sab¢ +1/} (t)eabe (t) ) (817)

t=—o0

With these notations the right hand side of (8.15) indeed reproduces the left hand side, because

— — — . N
SpsG =G Spp=—1, Sppdr = b1 Spp=0, (8.18)

and the S-matrix in Eq.(8.14) takes the form

: (8.19)

. 2 o
J=—01S4¢

S = exp (z Sint { %D exp (%jaG“bjb) ’

but what stands here under the sign of normal ordering is just the generating functional Z[j] (see Eq.(7.66))
at a special value of the source. Therefore

S = Z[— 18] - (8.20)

The normal ordering symbol of S-matrix is the generating functional of Green’s functions Z[j] at weakly
vanishing value of the source expressed in terms of the interaction picture field ¢;

. b2
Ja = —9¢7 Sba - (8.21)

Weakly vanishing or on-shell source means that the contribution of the source reduces to surface terms, because

integration by parts of the operator S, reverses its action on the interaction picture field ¢; and annihilates it
along with its local contribution in the bulk. For example, if the generating functional is represented in terms
of the path integral (7.49),

Z[—¢r S;;g | = const D¢ exp (iS[qS] —igh gba ¢a>
{o}

= const D¢ exp (z S[p] —idhepad® | j:), (8.22)
{¢}

then what remains from the source term is just a symplectic form bilinear in ¢;(¢) and the integration field ¢(t)
located at t — +o0.

8.2 Path integral in the Lagrangian form — integration over momenta

For theories with the Lagrangian action quadratic in velocities ¢ and the corresponding Hamiltonians
quadratic in canonical momenta p,

1 vie .0
slal= [ at[ jant@d'd + b - Vi), (8.23)
pi = air(q) ¢* + b = p)(q, ), (8:24)
1 . . 1 . . _
H(q,p) = §pia1kpk — pia* by + V(q) + 5 bia®by,  a'* = (ai) ' (8.25)

the above formalism can be easily reformulated in terms of the Lagrangian formalism without resorting to
the Hamiltonian framework. This can be done by explicit integration in the canonical path integral over the
momenta. This is possible because this integral is exactly Gaussian one. We have

/DqueiS[q’p] :/Dq(Detaik)l/QeiSL[Q]) (8.26)
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where the Lagrangian action (the subscript L indicating that this is the Lagrangian action) follows from the
canonical action by the substitution for the momenta their expression (8.24) in terms of ¢ and g,

Sclal = S[a,p]|, (8.27)

=p°(q,9)

As the result we also get additional factor in the integration measure which is determined by the functional
determinant of the matrix a;; — the kernel of the kinetic quadratic form in the Lagrangian. For local theories
this matrix is ultralocal in time, that is proportional to undifferentiated delta function, a;;, = a(t) 5(t — t),
with the spacetime condensed indices i — (i,t), k — (k,t’'). Tts functional determinant reads

t’:t)

= exp (5(0) / dt In (det aik(t))), (8.28)

Det a;i = exp (Trlnaik) = exp ( /dt (trlnaik(t)) 5t — t’)

where tr and det denote the functional trace and determinant operations with respect to canonical condensed
indices. Because of §(0) this is a pure divergence whose origin can be traced back to the formal definition of
path integral with the measure (7.39). Within this definition the measure of integration in the Lagrangian path
integral can be understood as

Dq Deta qu (det a;r(t ))1/27 (8.29)

where the formal product over the time points is approximated by the skeletonization of the range of the time
variable — forming the lattice of points separated by the intervals of length A¢ — 0. This length becomes
a regularization parameter in terms of which the regulated coincidence limit of the delta function is 6(0) =
1/At — oo. Therefore the regularized functional determinant of the ultralocal measure matrix becomes

(Det a) - exp (% 0(0) / dt Indet aik(t))

_exp(;mzt:mlndetam ) ]:[ (det aze ()7, (8.30)

and corresponds to the measure (8.29).

Note that this measure has a form of Riemannian measure in the configuration space of g’-variables with
the metric a;;. It is obvious that under the diffeomorphisms in this functional space ¢ — ¢’ = ¢’(¢) the matrix
a;k transforms as a metric,

5qt og"
aix(q) = app (q) = 5a 34 aix(q), (8.31)
if the action Sp[q] is demanded to behave as a scalar, S;[¢'] = Sr[¢q]. Then the total measure (8.29) re-

mains invariant in view of the transformation Dq = D¢’ D(q)/D(q’) with the functional Jacobian D(q)/D(q’) =
Det (dq/0q’). This is a counterpart to the canonical transformations on phase space which leave invariant the
Liouville measure Dg Dp and the canonical action S[q,p].

’Problem 8.1. Prove Eq.(8.31).

8.3 Transition to Lagrangian formalism

Let us now use Eq.(8.26) to convert the expressions for the generating functional of the Green’s functions
and reduction formulae for the S-matrix to the Lagrangian form. For this purpose we switch off the sources
dual to the phase space momenta, I* = 0, and perform the integration over momenta in the path integral for
the generating functional. For theories with Hamiltonians quadratic in momenta this can be done explicitly
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according to Eqs.(8.26)-(8.27). The result consists in the replacement of the canonical action by the Lagrangian
one and integrating only over configuration space coordinates with extra local measure (8.29), which can be
interpreted as an additional §(0)-type contribution to the action

Sla,p] = Sulq] - %5(0) /dt In det a (¢). (8.32)

Explicit applications show that this §(0)-type contribution only cancels other so-called volume divergences arising
in perturbation theory calculations and does not explicitly lead to to physical results. Moreover, there exists
dimensional regularization of UV divergences which explicitly puts 6(0) to zero, which allows one to avoid this
cancellation explicitly. For this reason we will not focus on the effects of the local measure and systematically
disregard it in what follows.

Modulo the contribution of the local measure, integration over canonical momenta in (7.49) leads to the
replacement of these momenta by their Lagrangian expressions, p — po(q,q), {¢} — {¢}. In particular, the
configuration space of g-integration becomes the class of the configurations {q} subject to positive/negative
frequency conditions at future/past infinity, {¢} — {q}, defined by this replacement in (7.51). This would lead
to the recovery of all the above formalism (8.18)-(8.22) by the replacement of all the canonical phase-space
ingredients with their Lagrangian counterparts,

5°5[¢] 6251l q]

= ] = I = —— = —— ¢¢ qq .

d=1(q,p) > q, j=(LI)—J S 5060 — SL.aq 5000 G* — GU, (8.33)

Z[j] = Z[J] = Z[J,0] = const | Dqei(Slalt7ia"), (8.34)
{a}

However, for this to be true we have to provide two important properties.

Firstly, the 2 x 2 block form of the canonical 2-point Hessian function S, and its inverse G*® should lead to
the Green’s function of the Hessian operator of the Lagrangian action Sy, 4, = 0%SL[q]/dqdq, Sp,4qGI% = —1.
This is the operator of linear Lagrangian wave equations, St 4qqr = 0, for c-number free fields g; or the corre-
sponding free interaction picture Heisenberg operators ¢;. This property of the Lagrangian formalism can be
directly derived from its canonical counterpart.

Problem 8.2. Prove the above property.

Hint 1. Use the block-matrix structure of canonical equations for G® and ¢

66 _ | Saa  Sap G Gw | _ 10 _ | Saa Sap ar | _

Spe G7? = [ Spq Spp } { Gra  Gpp | T o 1 |° Spp ¢1 = Spq  Spp pI =0, (8.35)
where various blocks of these matrices obviously denote second-order functional derivatives of the canonical action,
Sqq = 62S5/8g8q, etc. Show then that Sr,qqG9 = —=1,Spqqq1 = 0, where Sp 4q = Sqq¢ — Sqp Sp_pl Spq- Note that
Spp = 625/3p;(t)dpr(t') = —a'*(t)§(t — t') is an ultralocal in time functional matrix, and its inverse S, does not require

specification of boundary conditions.

Hint 2. Show, on the other hand, that this operator coincides with the Hessian of the Lagrangian action in view of

52SL(q] _ 52
dq6q dqéq

opo _
dq

S[‘LPO(‘L 4)] = Sqq + qu Sqq - qu Sp_pl Spqv (8~36)
where we took into account that dpo/dq = —S;plqu. Note that, because Sqp = —0¢ + ... and Spq = +0¢ + ... are first-order
differential operators in time, this is the second-order differential operator, as it should be in the Lagrangian formalism in contrast
to first order canonical formalism (cf. Eq.(7.58)),

d d d
SL.qq 2—5 aik(t)é—k..‘ <~ S¢¢=Eaba+.... (8.37)

Secondly, the effect of the weakly vanishing canonical source (8.21) — that is the contribution of the symplectic
form in (8.22) — should be equally well induced by the weakly vanishing source of the Lagrangian formalism

=
J=—qrSr,qq- (8.38)
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This can indeed be easily proven by using in Eq.(8.17) with ) = ¢; and with the Lagrangian value p = po(q, §)
of the momentum in the set of variables ¢ = (g, p). We have for the symplectic form in the exponential of (8.22)

t=+4oc0

— 69 Sap = —¢4()eard’(t)

t=—00, p—po

t=+o0 t=—4o0

= [a®pl@d-pa®)], . (839

t=—o00

t=—00

According to boundary conditions on integration variables ¢(t) at ¢ — +oo they tend to positive/negative
frequency solutions of linear equations of motion for free fields. Then, to illustrate the situation in simple
theories (8.23) with a;;, = ;% and b* = 0, the Lagrangian value of the momentum is just a time derivative of
q(t), po(gq,d) = ¢, and this symplectic form reduces to

t=+o00 Foo — — —
[QI(t) q(t) —qr(t) Q(t)] = / dt (qri—drq) = —ar(Sr,qaq) + (a1 S1,q0)0 = —ar S1,q9q- (8.40)

t=—o00 —c0
Thererfore in the Lagrangian formalism on-shell reduction of the generating functional is indeed achieved by
the weakly vanishing source (8.38) of the Lagrangian formalism.*

This finalizes the proof of the fact that the canonical phase space formalism of perturbation theory for
S-matrix literally goes over to the Lagrangian formalism in terms of Lagrangian configuration variables ¢ and
their Lagrangian action. In what follows, in order to emphasize field-theoretic content of these variables we will
denote them by % = ©i(t), their spacetime condensed index a including the canonical labels i (discrete spin-
tensor indices and spatial coordinates) and time ¢. The Lagrangian action will be denoted by S[¢] (omitting
the L-subscript). With all this let us summarize the obtained results.

8.4 Lehman-Symanzik-Zimmermann (LSZ) reduction formulae

The generating functional Z[ J | of the multiple-point Green’s functions - in-out vacuum matrix elements of
chronological products of Heisenberg operators or chronological products of interaction picture operators with
S-matrix,

ARA

Ll e H =(0,— |T@%...0% |0 = (0| T(¢%...5% 8) |0 8.41
50 iode | g~ O TEE2 10,4) = (01 T(2]".. 07" 5)[0), (8.41)

has a path integral representation in the form of the integral over field configurations with positive/negative
frequency asymptotics at the future/past infinity

Z|[J] = const / Dy ei(s[“"HJ““"a). (8.42)
(o) (200)}

This generating functional has another representation summing up the perturbation series in powers of the
interaction part Sins[ @] of the total action,

Z[J] = exp (z Sint { % D exp (% JaG“be), (8.43)

where G is the two-point chronological contraction of interaction picture operators, which is the Green’s
function of the Hessian of the classical action Sy, = §25/d¢dp on empty flat spacetime background

G =i (0| T3 3410), (8.44)
528

% Gbe = ¢, (8.45)
G o |

4For a generic theory the same relation between the canonical and Lagrangian symplectic forms and the Hessian operator can
be obtained by introducing the Wronskian operator W (d/dt) obtained by the variation of po(q, ¢) with respect to g, dpo(t)/dq(t’) =
W(d/dt)§(t —t'). Then for linearized variables qi1(t), p1(t) = W(d/dt)q1(t) and g2(t), p2(t) = W(d/dt)q2(t) one has

[ p2(t) = (O P ()] T = [a1 () Waa(t) - War () e2(1)] T2 = [ o [~ (S 1ag@) + (01 5 1.00)a2]
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This Green’s function is called Feynman propagator which has positive/negative frequency boundary condi-
tions at ¢ — doco. Interaction picture operators ¢; are zero modes of the wave operator S,, and they have
a decomposition in complex conjugated positive/negative frequency basis functions u%/(u%)* with the cre-

ation/annihilation operators, a4 /&2, as coefficients,

3S[p] b T '
hiad R Ao 0’ 2N 0 A ax ~ , a 7lwAt, > 0. 8.46
50 oh o o7 P = UAQA +UA Gy, Ug~E wA (8.46)

S-matrix is given by the normally ordered generating functional Z[J] with weakly vanishing operator source,
whose contribution to the generating functional actually reduces to special boundary terms at t — +oo,

S = Z[—¢1S0p]: - (8.47)

This can be represented as expansion in multiple-point Green’s functions acted upon their spacetime entries by
the free-theory wave opertor S, contracted with interaction picture fields,

oo

. 1 6"Z[J] < by b sbn .
S =: ngoﬁ m o (—Salbﬁpl} )"'(_Sanbn(pl} )
=3 0 01T 104 (Bon ) (B 80): - (649
n=0 ’

This relation between S-matrix and chronological Green’s functions has the name of Lehman-Symanzik-Zimmerman
(LSZ) reduction formulae.

The advantage of the Lagrangian version of the path integral, its perturbation theory and relevant LSZ
reduction formulae is its Lorentz covariance, because in contrast to the canonical formalism and Dyson T-
exponent it does not involve splitting of spacetime into time and space. Manifest Lorentz covariance of the
theory, which is hidden behind first principles of quantization (that is canonical commutation relations for phase
space operators, etc.), gives enormous advantages in renormalization of ultraviolet divergences and concrete
applications. To demonstrate the Lorentz covariant nature of the above expansion for S-matrix, let us show
how these terms of look like in simplest theory of massive scalar field

—

/dml...dxn(:;)n (0, | T ¢r(w1)...pr(z,)]0,+) (Em —m?)...(Op, —m?) : @1(21)..Pr(mn) 1, (8.49)

!

where the interaction picture or free scalar field $r(z) satisfies the Lorentz covariant Klein-Gordon equation
(0 —m?) ¢r(z) = 0 with the d’Alembertian operator [ = n#*,,0,.

Let us derive general expression for matrix elements of the S-matrix between multi-particle states. The
state of m particles can be written in condensed notations as m-th order derivative of the coherent a-state with
respect to the c-number a-parameter

0 0 it
1,.m)=al..al,|0) = —..—— e |0 8.50
o) = iy |0) = gz e 0)] (5:50)
Introduce the generating functional of the matrix elements
Zla,a*]=(0]e®@S5e® [0) = (0]e™ % :Sn[pr]: e |0), (8.51)
A 0 o 0 0
1,.n|S|1, = = Z[a,a*], 8.52
< nlSl ) Oag  Oaf 0oy Oauy, Lo 0”] a=0,a*=0 (8:52)

where Sy[p;] is the normal symbol of S-matrix, which as we have just derived is the generating functional of
Green’s functions at weakly vanishing source, see Eq.(8.47),

SN[W]:Z[wa:gp], S=:Sn[¢r]: . (8.53)

To calculate (8.51) let us use the generalized Wick theorem in the functional form — see Egs.(6.38)-(6.40)
and comments after them for the case of symmetrized products of interaction picture operators. Now instead
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of normal or chronological ordering we have in (8.51) a special type ordering when all a' stand to the right of
1 and a, all ¢y are normally ordered with respect to each other and stand to the right of all 4. This ordering,
which we will denote by O can be formalized as

O(@rer) =:@1¢r:, O(pra) =apr, 0(@ra’) =¢ra’, 0(aa’) =aal. (8.54)

Therefore, if we denote the collection of all operators in Eq.(8.51) by ¢ = (¢1,a,a") then the conversion of the
full operator in this equation to the normal ordering can be written down as

e"‘*d :SN[gbl]Z GOH?LJr E@(ea*d :SN[gbl]Z ea&f)

19 0

= :exp(iﬁD%>ea*aSN[<p1]eaaT , (8.55)

$—d
where D is the contraction in the space of all ¢ given by the difference of Q-ordering and normal ordering

D=0(dd)—:¢¢: . (8.56)

Problem 8.3. Calculate this contraction and show that
N

Zla,a*] = e Sy[pr(a,a®)] = " Z[ — pr(a,a®) Spp ], (8.57)

pr(a,a®) = ¢r =ua+u'a¥, (8.58)

at,a—a*,

where ¢ (a, a*) is the c-number interaction picture field obtained from the operator ¢ by the replacement of creation-annihilation
operators with the c-number a-parameters.

With this expression for Z[«, ™| the contributions to transition amplitudes between ingoing and outgoing
particle states (8.52) can be classified as follows. Differentiation of e gives contributions with no scattering

0 0 oo
60[2 %6 = (SAB7 (859)

whereas the differentiation of Sy[r(o, @*)] corresponds to dressing the multiple-point Green’s functions with
external lines carrying the positive-frequency basis functions up for ingoing particles and negative-frequency
basis functions u¥ for outgoing particles

0 0 0 0 =
Z[ - 901(0"04*)59099]

oy 0oy Oap, Oap,,

_g)ntm — — ~ — —
Enz—l)—m)! (U, Spp)---(uh, Spp) (O T@{"'@{I-‘,—ms 10) (Sppup,)--(Sppus,)- (8.60)

Lecture 9. Bose-Fermi systems in the functional formalism of QFT

e Dirac theory and Grassman (fermionic) variables
e Canonical formalism with fermions
e Quantization of boson-fermion systems

e Sources and Gaussian integration over boson-fermion fields

9.1 Dirac theory and Grassman (fermionic) variables

Let us extend the above formalism to systems containing both bosonic and fermionic fields. We begin with
the Dirac theory with the action

Sl = [ded@@-myv, =i’ 9=, 0.1)



of the complex 4-component massive spinor field. Here we use the standard representation of Dirac gamma
matrices

VAV 4 APy = =29 Y = diag (—1,+1,+1,+1), (9.2)
0 __ O H i O o;

Dirac equations for ¢» and ¢, which follow from the (left and right) variation of the action, have the form

K ’ ?
@SW] = (10 —m) ¢ =0, SW]@:

The 4-component column 7 of the spinor field is complex, so that ) and 1 should be treated as independent
fields. In view of their complexity the decomposition of the general solution of the Dirac equation in its basis
functions is more complicated than for a real scalar field. It reads along with the momentum space decomposition
of the conserved Hamiltonian as follows

(i7" + mib) = 0 (9.4)

v(@) = [ (uf)(@p)al(B) + D o) (o (2)]). (95)
h(r) = / a*p (ulD(@.p) afH () + vl (@,p) [0 ()] ) (9.6)
=i [ @xvlo,0= [ @pwp) (1o 1)) a ) - ol o) (0], 97)

where ug)(:r, p) ~ eT@®) ((p) > 0, are positive/negative energy basis functions of the Dirac equation with

two s = £1 helicities. Note that the negative frequency part of 1 is not complex conjugated to its positive
frequency part, but the Hamiltonian is diagonal, H ~ [a(¥)]*a(¥) in what becomes under quantization the
creation /annhilation operators, a(™) — a(¥), [a(F) [* — [a(F) ]'. However, classically it is not positive-definite,
which serves as a motivation for imposing at the quantum level the anti-commutation relations. For any two
spinor (or fermionic) variables F' and G this is the replacement of their commutator by anti-commutator

[F,G]_=FG—GF = [F,G], = FG+GF. (9.8)

Then from the positivity of the Hamiltonian and the requirement of the invariance of the theory with respect to
the permutation of particles and antiparticles a(t) < a(=), 4"t < ()15 the following commutation relations
follow,

[aa,05]s =0ap, A, B~ (+,5,p), (9.9)

(all other anti-commutators vanish), where we use condensed index to label all modes of the Dirac equation.
Therefore we have

(0] $(x) B(y) ] 0) = / Bpul) (z,p)ul ) (9, p) = (i +m1)iGH(z,y), (9.10)
(0] $(y) (x)]0) = / Bpul) (z,p)ul ) (1,p) = (i +m1)iGO(z,y), (9.11)

where 1 is a unit matrix in the space of ¢ and G®)(z,y) are the Wightman functions of the scalar field
(6.43)-(6.44).5 The anti-commutator function then equals

[$(2), 9 (y) 1+ = (0] 9(@) d(y) + P(y) (@) [0) =i (10 + m 1) G(x,y), (9-12)

5Superscript labels (£) of creation-annihilation operators here distinguish particles from antiparticles related by charge conju-
gation, rather than the positive/negative frequency splitting.

6These relations of summation over polarizations follow from the standard course on the theory of the Dirac field, see
N.N.Bogolyubov and D.V.Shirkov, Quantized Fields, Nauka, Moscow, 1980.
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and expresses in terms of G(x,y) — the scalar field commutator function of Pauli-Jordan from Eq.(6.44). Since
G(2,Y) | 20=yo = 0 and G (x,y) | so—yo = 6 (x —y), the equal time anti-commutator equals

W(@v ’(Z}(y) ]+‘ 20=40 = 706(3) (X - Y)' (913)

This relation suggests that the operator variable m = i1 ~° could be interpreted as an operator of momentum
canonically conjugated to ¢ and satisfying the canonical anti-commutation relation

[$(x),m(y)]+ =i6P(x—y), [¢x),9(y)]+ =0, [(x),7(y)]+=0. (9.14)

This interpretation follows from the action of the spinor field (9.1) which is already in the first order formalism
— under the (3+1)-decomposition of spacetime it reads

S(w1 = [ da (i + i o~ mbw) (9.15)
where the first term is a symplectic form ml} and the rest is minus the Hamiltonian of the theory.

9.2 Canonical formalism with fermions

Quantum commutation relations (9.14) lead to reconsidering the status of the spinor theory at the classical
level. Classically the fields ¥ and ¥ belong to the Grassmann algebra of anti-commuting elements,

P (@)” (y) = =7 (o' (), T (@)ds(y) = =P (@), Pr(@)bs(y) = —da(y)dr (@),
mr(@)Y? (y) = =7 (y)mr (), ..., (9.16)

where we explicitly wrote down the spinor indices of columns of ¥ and rows of . This applies also to the
commutation of these fields with their variations

U (2)097 (y) = —ov” (y)v! (2), ..., (9.17)

which means that one should define two different (but related) derivatives with respect to Grassmann variables.
For any monomial F' = 1)11)5...10,, one has the definition of two — right and left — derivatives,

. OrF S F
() ()

Obviously, for even n we have 0gF/dy(x) = —dp F/d(x), while for odd n these two derivatives coincide.

More generally we ascribe Grassmannn parity to any functional of ¥, e(F') = ep which equals 0 or 1 modulo
2. If F is even in ¢ (even element of Grassmannn algebra including purely bosonic quantities with ¢ = 0) then
er =0and ep = 1if F is odd in . Then

orF oL F
= —(=1)< : 9.19
so Y (19
Another useful notation for left and right derivatives, which we will use, is
%
F F
Or [ ORF _p 0 (9.20)

6(e) ~ 50(@) T SU(@) du)
These fermionic functional derivatives allow us to define the Poisson bracket on Grassmann phase space,
orF 6LG orF 0LG orF 661G
r _ [ _(—1)Fs (F = [ . (9.21
{FGh /d X 50 Tng VT (F e 6) /d X(&Z)(x) onx) o) 51/)(x)) (9:21)
[F,G}y = —(—1) 7 {G,F}; (9.22)

’ Problem 9.1. Prove equivalence of these two definitions and this symmetry. ‘
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Then Dirac equations can be rewritten as the following canonical fermionic equations of motion

orH orH
b= e e F = oS = {m H (9.23)
H:/d‘gx(fﬂ’yofyi ﬂ/)*imﬂ’}/OQ/J) (9.24)

’ Problem 9.2. Derive these equations of motion. ‘

9.3 Quantization of boson-fermion systems

Now we can proceed to the transition from classical to quantum theory of fermionic variables by a usual
procedure of canonical quantization. For fermionic observables F, G, ... it consists in the promotion of their
fermionic Poisson brackets to anti-commutators, F, G, ... — F, G, ..., {F,G}L — % [ F,G]+. Moreover, we can
generalize the quantization scheme to general systems including both bosonic and fermionic degrees of freedom.
In this general setup, using condensed notations, we have a boson-fermion phase space and various observables
with their grassman parities

¢ = (qiapia F(Qap)v G(qap)v )7 €(¢) = €¢, e(qi) = E(Pl) = €4, ¢1¢2 = (71)6162¢2¢1- (925)

Equations of motion

i i . 0 i
§'=7-H={q" H}s, piz—Ha—qiz{q,H}s, (9.26)

can be rewritten in terms of super-Poisson bracket defined on combined boson-fermion phase space by the
following two equivalent definitions

- - Y Y

9 7 9 7 9 0 9

— - —_ (—_1)\¢& — _(_ EFeEqQ o
(FGYs=F g 3G (F)F o 2 G=F g oG ()56 o o (9.27)
{F.G}s=—(-1)"{G,F}s. (9.28)

’ Problem 9.3. Prove equivalence of these two definitions and this symmetry. ‘

In this setup quantization proceeds by the usual way,
6= d=(0pF.G,..), {F,G}s—[FGls=FG—(-1)rcGF =in{F,G}s+0(), (929)

including exact realization of supercommutators of basic phase space operators [§,p| = ih. Heisenberg equa-
tions of motion for Heisenberg operators ¢y remain of course the same, ihd¢y /dt = [ ¢z, H ], because of bosonic
nature of the Hamiltonian. Therefore, all the formalism of interaction picture representation, generating func-
tional of Green’s functions, S-matrix, etc., remain basically the same. We will now only dwell on modifications
in this formalism which are necessary in order to take into account inclusion of fermions.

First modification concerns the symmetry properties of multi-particle states (8.50) and definition of chrono-

logical products of operators (6.57). Since fermionic creation operators are anti-commuting, d{d; = —d%cﬂ,
changing the order of each pair of those leads to flipping the overall sign. Therefore, each state of fermionic

particles is antisymmetric with respect to their permutations. For a state |1,..m) = dJ{...dIn |0) containing

both fermions and bosons among the creation operators this property can be formulated in terms of the parity
of fermionic permutation. If we denote by p(1,...n) = (p1,...pn) the permutation of n indices, when each k-th
index goes over into py, k — pi. The parity of the p-permutation P(p) equals 0 if this permutation consists of
an even number of pair permutations, and it is 1 if the permutation is odd. Then the symmetry of such generic
boson-fermion state under this permutation is

p(|1,..n)) = |p1yepn ) = (=1)P@rEm) 110 ) (9.30)
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where py(1,...n) is a permutation of only fermionic members among 1,2...n. Similarly, the sign factor should
be taken into account in the definition of the chronological product (6.57) and its symmetry property

T (431(252(%71) = Z(_l)P(pf(Lmn))e(tm - tpz)a(tpz - tp3)~~'9(tpn71 - tpn) (lgm(lgpz"-épna (9-31)
{r}
p(T (éléz...éﬁn)) = (~1)P@r QDT (616s...6,,) (9.32)

where the indices carry of course all the labels of relevant operators, q@k = é“k (tx). In particular, for pure Dirac
field

T (2) d(y) = 0(z® — y°) ¥(2) ¥ (y) — 0(y° — 2°) ¥(y) ¥(2) = i Girac(z, y) (9.33)

Problem 9.4. By using (9.10)-(9.13) show that Gpirac(z,y) is the Green’s function of Dirac operator — the Hessian of the Dirac
action,

(Zé - m) GDirac(xv y) = _5(37 - y)v (9'34)
K % .
oy SI ] s = (0= m 1) e = ), (9.35)

Now introduce the column notation for the full set of Dirac fields and define the full Hessian of the action,

=] 58] ?Sw]%:{ e e - (9.36)
P(x) |7 d¢pe St i0 —m 0 ’ '
and the functional matrix of chronological contractions
ab __ 2a 1b _ _ 0 Z<0‘T’(/}($)d;(y)|0> :|

6" =HOITE310) = | 10 175wt o 0 ’ 0.37)

so that finally
<—
aSb Gbc — —52, (LSb = é_ia S[¢] %qbb’ (938)

where we introduced a special condensed notation indicating by the position of the subscripts the left and right
action of the relevant functional derivatives. This exactly reproduces a similar equation in the bosonic theory
— the functional matrix of the chronological contractions is the Green’s function of the Hessian of the action.
This is the Feynman propagator in the full set of fields with the same choice of positive/negative frequency
conditions at spacetime infinity.

Problem 9.5. Prove the following symmetries of the action Hessian and Green’s function

WSy = (F) TR 5, Gt = (1) P, (9.39)

9.4 Sources and Gaussian integration over boson-fermion fields

In extending the formalism of generating functional and S-matrix reduction formulae to boson-fermion
systems one should be careful how to include the sources J, dual to fermions ¢* in Z[J] and how to perform
functional differentiation with respect to them. First of all, the sources should obviously be of the same
statistics as their fields, e(p®) = €(J,), and in the exponential of the generating functional their order in
Jap® = (=1)% @ J, should be chosen. Under the left choice for the position of sources in Eq.(7.11) and left
functional derivatives in (7.12) we will have for pure fermion case

Z[7] =T exp (i/dtﬁ(t) 1/1(t)), (9.40)
T (1.0 Z[7]) = usilzgn Z[7], (9.41)
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and this rule can be extended to the whole functional formalism of bosons and fermions. With this rule
the Gaussian path integral (7.66) generalizes to boson-fermion case as (mind the order of factors in the
exponential!)

i a : a /2 )
/Dgpe 50"(aS0)8"+iJa" _ const (Sdet aSb) exp (% Jodp Gb“), (9.42)

where the functional superdeterminant or Berezinian is defined by its variational law in terms of supertrace —
the sum of the diagonal elements weighted by the parity sign factor,

6In (Sdet Ko ) = (K1) 0K (~1) = Str (K'0K ). (9.43)

For a particular case of the block-diagonal matrix K, consisting of the bosonic block B and fermionic block F
this superdeterminant equals

Koy = [ o } . Sdet K = Det B (Det /) . (9.44)

’ Problem 9.6. By the method of Lecture 6 prove Eqs.(9.42)-(9.44). ‘

Lecture 10. Perturbation theory, types of Feynman diagrams and
semiclassical expansion

Factorization of vacuum graphs

Connected and one-particle irreducible graphs. Effective action
e Semiclassical (loop) expansion and background field formalism
e Effective action in one and two-loop approximations

Perturbation theory for S-matrix and its generating functional give rise to Feynman diagrammatic technique.
In particular, Eq.(8.43) or its equivalent form

Z[J] = exp ( - % 5:; G* 5%1,) exp (z Smt[@] + iJasO”) ’ (10.1)

b
p=0

Problem 10.1. Derive (10.1) from (8.43). ‘

explicitly show that in the y-expansion of the exponential of the action (and the source term) all monomi-
als of ¢, ¢1...0, should be replaced by the contractions of their pairs. The result is an expansion in powers
of the propagator G = G (x,y), a = (I,r), and sources J, = Jr(z). Graphically this means that you get
the set of terms corresponding to spacetime Feynman graphs. These graphs consist of point vertices connected
by lines of two-point propagators, some of these lines ending on the sources J. Vertices correspond to multiple
functional derivatives of the action, S,,. .a, = 0™Sint/dp™...0p% . For local field theories the action is a space-
time integral of the local function of fields and their derivatives to some finite order, so that the structure of
the vertex function looks as

6nSint
5 (@) 00 ()

where P(x,0/0z) is some polynomial in derivatives. Therefore, every n-th vertex is associated with just one
point which remains after the integration over other (n — 1) coordinates is done. The propagators correspond

= P(x,0/0x) 0((x1 — x2) (x1 — x3)...0(z1 — xp), (10.2)
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to the Feynman Green’s function G — the lines connecting the spacetime points associated with condensed
indices a and b. The sources sit at the ends of external lines, so that the chronological Green’s functions
G(z1,..2n) = (0| T3(x1)P..3(x,)S|0) (which are obtained by functional differentiation of these sources)
have external propagators terminating at the points x1, ...z,

Here we will dwell on connectedness properties of Feynman graphs which lead to the factorization of vacuum
graphs, the notion of the generating functional of connected graphs and the notion of effective action — the
generator of one-particle irreducible graphs. Since all the graphs can be obtained by simple combinatorics of
irreducible graphs, this division is rather useful.

10.1 Factorization of vacuum graphs

First of all, vacuum diagrams are those which do not have external lines. External lines in the diagram describing
the multi-point Green’s function (0T @1...$,5|0) end up on the spacetime points xj, of ¢ = G(xx). It turns
out that the vacuum graphs always factor out as one overall factor from every Green’s function. This follows from
simple combinatorics of contractions between the operators inside the action Si,; and the operators belonging
to the chain ¢@;...0,,

5 — 1 , P
<O|T¢¢¢S|O> = Z 1 Z (ZSint)V<p<p'"<p

0 all

contractions

> (isint)MH > (z'sint)VM@@...@]

all #Sint,
contractions contractions

I

M=0 all ©Sint

contractions contractions

= Z[0] (0| T@@...¢5]0) non—vacuum, (10.3)

where in the last factor ¢Sjy-contractions by definition contain at least one contraction between ¢’s and Siy

and CY = V!I/M!(V — M)! is the number of possible divisions of the product of V factors into the products of

M and V — M factors. Here Z[0] = (0]S5]0) is the vacuum to vacuum amplitude given by the set of vacuum
diagrams. Thus, non-vacuum Green’s functions read

A 1 0"Z[J|
0T @pp...05|0) non—vacuum = =—— —————=—— 10.4
(0] T@p...0510) Z[0] 513 |, (10.4)
Division by Z[0] removes all vacuum diagrams.
Now consider connected diagrams. For a simplest case of the interaction action cubic in the fields
1 a, b c

Sint = 37 Sabe?" 09", (10.5)

we have in the second order of perturbation theory in Sjy

L A a4 i 6 0 ()8 4 L o(3) 32

(T1p2) = (0] TE1£2510) ZGXP(— 5 57G§ )<P1<P2 [1 + 5 S (3, 5% ) +...}, (10.6)

which is easier to draw than to explicitly write. We have it on Fig.6, where all the elements of diagrams are
explained including the mean field (¢ ), in terms of which the disconnected term is factorized as a product

(p1)(p2),
The mean field is shown on Fig.7 in the lowest order of perturbation theory. It reads as the following
contraction of the 3-vertex with two propagators,

A i
(¢*)y=(0|T¢p S\O):—iG“bSbchchr..., (10.7)
One propagator forms the external line ending at the entry a of ($*). The second propagator contracts the two

indices of the vertex and forms a loop. Of course, everywhere here contractions of condensed indices includes
spacetime integration.

56



1 2
i3 OO O
a b b 1 2
s Whoow ~ Sum, »—QQ—«:WW
a/Lc

Figure 6: Diagrammatic representation of the two-point Green’s function in the second order of perturbation theory.
Last term is disconnected.

Figure 7: Mean field diagram.

10.2 Connected and one-particle irreducible graphs. Effective action

It turns out that one can get rid of the disconnected piece of (1 ){ @2 ) in Fig.6 by going over to the generating
functional of connected Green’s function Z[.J] — W/[J] which is just the logarithm of Z[.J],

1 .
W[J]==mz[J], Z[J]=eVI] (10.8)
i
For the two-point case this gives
SFPWI[J]
12 — 12 — — i ({P1Go) — (& 5 10.
w Gconnected (5J1 5J2 Z(<‘P1<P2> <§01><902>)7 ( 09)

which cancels the disconnected graph in Fig.6. The same can be observed for multi-point connected Green’s
functions — they are generated by higher order functional derivatives of W[ .J].

Problem 10.2. Prove (10.9).

The next step is to consider one-particle irreducible Green’s functions. Their graphs have the property that
cutting down any single of their propagators does not make the total graph disconnected. For example, on
Fig.8 the total graph consists of two one particle irreducible diagrams OPI;(x1, ...z, 2) and OPIy(u, y1, -..ym)
connected by the propagator,

/dz du OPIy (21, ...xn, 2) G(2z,u) OPLa(u, y1, ...ym)- (10.10)

The knowledge of OPI ingredients of the full diagram of course allows one to calculate it by this rule as a
whole. OPI diagrams by their definition do not have external lines-propagators, because their cutting would
destroy their irreducible nature. For this reason OPI graphs on Fig.8 have only small black dots corresponding
to spacetime entries x1,..,y1, ..., etc. Different structure of external entries of OPI Green’s functions manifest
themselves in the different character of their generating functional. It is not a functional of the source J, but
rather a functional of the mean field ¢ = (¢ ) the simplest version of which has already been introduced above.

Introduce the off-shell version of the mean field as the following functional of the source J

1 6Z[J]’ _W[J]

¢ =¢*[J] = (0| Tg¢S[J]]0) = 7777 50 o= 57

(10.11)

and assume that this relation is invertible, which means that the source can be expressed as a functional of the
mean field J, = J,[¢]. Then the generating functional of the OPI Green’s functions is the Legendre transform
of W[J]

o] = (WIJT] = Jad") | ,_sp0)- (10.12)
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OPI,
OPI,;

Figure 8: Two one-particle irreducible diagrams connected by a propagator.

This functional is also called effective action, though this term is always used in the different sense — as the
action in effective field theory, which is valid in the range of energies below a certain cutoff and the result of
integrating out high-energy quantum fields.

Effective action generates OPI diagrams or proper (full) quantum vertices

_ (9]
tedn T §gar, fpan
Let us now see that these vertices and the effective action I'[ ¢ | itself are represented by OPI diagrams. To begin

with, from the properties of the Legendre transform it follows that effective action yields effective equations of
motion for the mean field

I, (10.13)

6I'[¢]
5

= —J,. (10.14)

Problem 10.3. Prove (10.14).‘

Note that this is the direct analogue of the classical equations of motion in the presence of sources under
the replacement of the classical field by the mean field and the replacement of the classical action by the quan-
tum effective action, ¢ — ¢, S[¢] — I'[¢]. For ¢ = ¢[J] this is the identity valid for any value of the source
OI'[@]/0¢| y=¢[s] = —J, which can be differentiated with respect to .J. Therefore,

¢ og" -1 b
I = ¢ = —(I, =Gg° 10.1
ab o, 50,7 5T, ( ba) g ) ( 0 5)
whence
52W —1 ab
ST —(Ia)  =G%, (10.16)

where G is the full quantum propagator — the classical Green’s function G dresses by the full set of quantum
corrections. But we know that 1V generates all connected diagrams so that this second order functional derivative
can be rewritten as an infinite sum of diagrams, where the blotted circle denotes the sum of all OPI diagrams

2w 1 2 1 2 1 2
KAUBE g — ._Q_. R ._O_Q_.

Figure 9: Self energy

with two entries (it cannot contain non-OPI graphs, because the latter are all included in the sum of terms on
this Fig.9). If we denote this shaded circle operator as X, then the infinite sum of this figure can be resummed
as the geometric progression

2w 1

G+ GYG+GIGIG 4. =G .
5Tod, O + + 1-3G

(10.17)

On the other hand G = —(Sg¢) ™', so that 6*°W/6J16J = —( Sy + E)_l = —(F¢¢)_1, where we recalled
Eq.(10.16). Therefore
§2r
Ipp = ——— = X 10.1
ab 5¢a5¢b Sab + 2ab, ( 0 8)
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and X[¢] can be interpreted as a quantum part of the full quantum effective action ,
I'l¢]=5[¢]+ L[], (10.19)

and Yo, = 625 /5¢*0¢° is usually called self-energy operator.

Problem 10.4. Prove that upe = laalpslee m = TyalyfTee GY©

connected”

Therefore, the exact connected 3-point Green’s function expresses via the full 3-vertex Iy4e and full quan-
tum propagators G%?,

Gggrﬁnected = _gadgbfgce Fdfe . (1020)

Similar expressions hold for higher order connected Green’s functions. Diagrammatically they are composed
of the full propagators G#¢ joining full vertices Iy, 4,..4,. In terms of these OPI ingredients connected Green’s
functions have the form of the trees — in contrast to the Feynman diagrams built of classical (usually called tree
level) propagators G*¢ and classical (tree level) vertices Sy, 4,...4, they do not contain loops. Full propagators
and full vertices imply infinite resummation of Feynman diagrams in terms of tree level objects — this is a
complicated extension of summation via the geometric progression made above.

To summarize what we have got thus far is as follows:

i) non-vacuum diagrams — coefficient functions of S-matrix,

1 o"Z[J]
Garan _ . 10.21
Z[J]| 6Jay-0Ja, | ;o ( )
ii) connected Green’s functions and their generating functional
"W J] 1
wartn — — < W =—-1InZ; 10.22
3Jay 0T i (1022)

iii) OPI vertices and their generating functional — effective action,

_ 0"I[¢]
" ¢a1 . qsan
Green’s functions (nonvacuum and connected) look very much like contravariant tensors with upper indices
on configuration space of the theory”, whereas the OPI vertex functions have lower “covariant" condensed indices.

Diagrammatically this looks as the amputation of external propagator lines from the connected diagrams (along
with resummation which makes the diagram irreducible with respect to cutting the propagator lines).

Ty = I{¢] = (W= Jad™) ,_ oy (10.23)

10.3 Semiclassical (loop) expansion and background field formalism

Another type of perturbation theory is semiclassical expansion. This is neither the perturbation expansion
in Sjy¢ (the number of vertices) nor in the number of external lines. There is a natural parameter measuring
the deviation of the theory from its classical limit — the Planck constant /. Expansion in powers of f is called
semiclassical expansion.

To begin with, we reinsert A in the path integral for the generating functional

exp ¢ W /D<p exp (S[e] + Jap®) (10.24)

and apply to it the stationary phase method of asymptotic expansion in the limit of i — 0. The essence of the
method in the case of finite-dimensional integral

o0

/ dx exp % f(z) (10.25)

— 0o

Strictly speaking, they are not tensors because under diffeomorphisms of the configuration space, ¢ — ¢'[¢], they transform
inhomogeneously. Their tensor covariantization can be achieved within the so-called Vilkovisky-DeWitt effective action formalism.
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consists in the expansion of the function f(x) in power series in the vicinity of the stationary point xg, f'(z¢) = 0,

F(z) = flzo) + % F"(x0) (x — 20)2 + % F"(20) (& — 20)3 + v (10.26)

and in the subsequent expansion of the integrand in powers of everything but the quadratic part of f(z). The
inttegral then reduces to the infinite sum of Gaussian momenta integrals

(oo} (oo}
dr ex Ef(z) _ eifo/h dAeifé'AQ/h 1+ Lf///AB + Lf////Aél + 1 (L(,)N>2A6 4
Py = 3170 a1 70 2 \3lh
. 2imwhy 1/2 i (A% (A%) 1 (AS)
_ yifo/R e e _ 11y2
e ( 7 ) {H sfo gl IEIE (fo") g ] (10.27)
where fo = f(z0), fi = d*f/dz?| s=s,, etc., A =z — x0, and
o fdAeif(’)’AQ/hAn
(A™) = [dA AT (10.28)

Odd Gaussian momenta integrals vanish, (A?"*1) = 0, while even ones are expressed as products of pairwise
contractions

(A%") ~ AALAA ~ ", AA = ih(ff)

(10.29)
Therefore, in the series (10.27) the powers of h grow in the numerator faster than in the denominator, in
particular (A*)/h ~ (A®)/h? ~ h, etc. Therefore this is the expansion in powers of A.
Apply this technique to field theory
08
x— ¢ dx— Dy, f(z) = S[e]+ Jup®, zo— o, (5[4,0900] =—J, (10.30)
0
AA =ih/f] — A“A’=—hG®[p]. 10.31
\A = ih/fi = ATAY = —hG®[ ] (10.31)

Note that in view of (10.30) ¢o = ¢o[J] is the functional of the source as a nontrivial solution of the classical
equation of motion. Correspondingly, the chronological contraction G®[¢g] is the Green’s function of the
Hessian of the action on a nontrivial classical background,

6%5[ ]

. G"[po] = 0. (10.32)
5('0 &pb %o

So the meaning of o[ .J] here is different from empty flat spacetime background g in Eq.(8.45).

By using these objects we again arrive at the Feynman diagrams in coordinate space , but with more compli-
cated elements of diagrammatic technique — propagator G| g ] and vertices Sa, . q,[©0] = 6™Sint /I ...00"" | 4,
defined on the background ¢o[J]. The generating functional of connected Green’s functions W[.J] becomes
given by the set of Feynman graphs without external lines or points (just like vacuum diagrams above). The
dependence on J enters the answer through oo[J ],

W(JT) = W(pol 7]]. (10.33)

The functional W|pg] is sometimes called the background field functional.

To the second order in & inclusive the answer for W[y | is graphically shown on Fig.10, where the first two
terms represent the tree-level part and the rest is the set of the diagrams with lines and vertices computed on
the background field ¢y. The one-loop circle denotes the log of the functional determinant of the Hessian of the
action on this background,

InDet Sap[ o] = Tr In Sep| w0, (10.34)
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Figure 10: Background field functional in the two-loop approximation.

two-loop eight, nut (or sunset) and the dumbbell one-particle reducible diagrams respectively read as

b d b1 b 1 b b
G Suped G Sarpres GGG G 0 GG, G2 Sy, GO (10.35)

’ Problem 10.5. Derive this representation.

Now, notice that in this diagrammatic technique every vertex carries the factor A~! and every propagator
(10.32) carries h*!, so that the total power is

L=V = R (10.36)

where L is the number of lines, V' is the number of vertices and [ = L — V + 1 is the number of loops in the
Feynman graph. Therefore, semiclassical expansion is the expansion in the number of loops. In fact, this is a
resummation of the original perturbation theory — for a given fixed number of loops [ we sum up all diagrams
with all possible numbers of vertices and all possible numbers of external points (with the background field ¢
sitting on these external points).

10.4 Effective action in one and two-loop approximations

Let us apply this loop expansion to the effective action I'[ ¢]. First, derive in a closed form the equation for it.
From the path integral representation (10.24) of W[.J ] and the Legendre transform to I'[ ¢ ] this equation reads

ore]

exp 7 F /Dcpexp Slp]— 56

(¢ — ¢)) (10.37)

Problem 10.6. Derive this equation. ‘

It is important to note that we have two fields in the integrand — the quantum (integration) field ¢ and
the mean field ¢. Their difference ¢ — ¢ is the quantum fluctuation in the vicinity of the mean field.

How to find I'[ ¢] from this equation? An obvious difficulty is that 61"/d¢ entering the integrand is unknown.
But if we are interested in the A-expansion, the solution can be found by iterations — by substituting at every
step the answer for I'[¢] obtained in the previous order in A. The starting point is the classical action,
I'[¢] = S[¢] + O(h) (see Eq.(10.19)). This iteration method is efficient because the quantum fluctuation
© — ¢ = O(h), which justifies this substitution for every transition from I-th loop order to the (I 4 1)-st one.

Consider this solution in the one-loop approximation. Substitute Iiree[ @] = S[¢] into the right hand side
of (10.37) and apply stationary phase method. The equation for a stationary point ¢q takes the simple form
35[0 ]/0po = 6S[¢]/d¢p and, under the assumption of the non-degeneracy of the Hessian of the classical action
Spope, has an obvious solution ¢y = ¢. Now expand the exponential in the integrand around this point in
powers of the quantum fluctuation A = ¢ — ¢ and see that the integral reduces to the Gaussian integral over
A, because the linear in A term cancels out,

Sle] - 5%;)] (p—0) =5[] + %Sw[cb] A% +O(A3). (10.38)
As a result
6] = 5101 - 5 o 520 o), (10.39)
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and the one-loop contribution to effective action is

ho o 8%S[e]

Fonc—loop[¢] = 72*7; Trln W?

which is graphically represented on Fig.11. Here the loop with a solid line propagator is in the external field with

h
Fl—loop = Z O

Figure 11: One-loop effective action.

(10.40)

the propagator G??[¢] — the inverse of —Ss4[ ] # —Spe[0]. Of course, it can be expanded in powers of the field
in accordance with the expansion of the action Hessian, Sps[ ] = Spu[0]+ Sses[0] ¢+ (1/2)Spses[0] 6% + ...,
which leads to the expansion shown on Fig.12. Solid line propagator is a propagator in the external filed ¢, thin
line propagators are at zero background field, black blots denote the factors of the background field attached
to the loop via the vertices. Here we use obvious variational relations for Trln Sg4 and the Green’s function

Figure 12: Expansion of the background field loop in powers of the field.

G[¢] = —(Spe[#]) ", written down in supercondensed notations (the contraction of omitted condensed indices
should be obvious)

) § §

5p TInSss = —Tr (Ss06G??), % G = G894 G, 55 000 = Sos00: (10.41)

These relations teach us that every functional differentiation with respect to ¢ is the insertion of the vertex or
attaching extra prong to the already existing vertex. So the solid line loop represents infinite resummation of
one loop diagrams with a growing number of ¢-s attached to this loop.

R’ R
FZ*loop = _? _E 6

Figure 13: Two-loop part of effective action.

In the second, two-loop, iteration for the effective action one should substitute into the integrand of Eq.(10.37)
the one-loop approximation for I'[¢] with

r
or O Sl (10.42)
1

5(,75“ one—loop 5¢a

and again perform a Gaussian integration in the vicinity of the stationary point ¢ = ¢. The result for the
two-loop part of the effective action reads as shown in Fig.13,

h? h?
Dotoop = = G Syped G0 — o SabeG GG Sges. (10.43)

These eight and nut (sunset) diagrams are represented by the contractions of propagators and vertices of
Eq.(10.35) and coincide with those in the background field functional W[¢|] of Fig.10. The one particle re-
ducible dumbbell diagram of W[ @] gets cancelled in I} two—loop due to the one-loop contribution in (10.42) — the
tadpole structure of the mean field (10.7) with amputated external line. This is fully consistent with the fact
that I'[ ¢] is a generating functional of OPI diagrams.

’ Problem 10.7. Derive this expression for two-loop effective action and show cancellation of the dumbbell diagram. ‘
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Lecture 11. Quantization of gauge theories

e Canonical Faddeev-Popov path integral

e Gauge independence of the canonical path integral

e The Lagrangian form of the path integral in gauge theories

e The relation between canonical and Lagrangian gauge transformations

o Closure of the gauge algebra and gauge independence of the Lagrangian path integral

Let us now apply the above functional formalism to quantization of gauge theories. As we know from
the first five lectures, the physical sector of a gauge invariant theory arises after performing a gauge fixing
procedure which consists of imposing unitary gauge conditions and solving the full set of constraints — original
first class constraints and imposed gauges. We solve these constraints with respect to original phase space
variables (¢‘,p;) and Lagrange multipliers A\* in terms of physical degrees of freedom, that is physical phase
space variables (€4, 74). In terms of these variables the action of the theory takes a usual canonical form with
some physical Hamiltonian H (&, m,t) which, depending on the choice of gauge conditions, can be explicitly time
dependent and in field theory almost always nonlocal in space,

Songs[ &) = /dt (ma&® — H(&,7,1)). (11.1)

Then the theory can be quantized along standard rules of canonical quantization and canonical commutation
relations. Quantum theory can be described by the generating functional for chronological products of physical
operators £%(t), as it was done before. The canonical path integral representation for this generating functional
reads

Z[J] :/ng exp (iSphys[ﬁ,w]+i/dtJA(t)§A(t)>, (11.2)

where the phase space integration runs with boundary conditions discussed above.

In this form, however, the theory is not sufficiently manageable, because it poses many questions which
stay without answers. To begin with, in this formalism many original symmetries become hidden, like Lorentz
invariance — the corner stone of pioneering progress in quantum electrodynamics — which gets lost in the canonical
formalism. The theory is spatially nonlocal, which makes its renormalization properties very complicated and
again not manifest. Everything in this reduced phase space method explicitly depends on a particular choice of
gauge fixing procedure, and a natural question arises how do quantum effects in different gauges, but in one and
the same physical theory, are related to one another. Another problem is how one can reformulate the theory
in initial gauge field variables — fields of the Lagrangian action ¢g* = (¢*(t), \(t)) — without explicitly solving
the constraints (which is practically impossible to do exactly).

11.1 Canonical Faddeev-Popov path integral

The reformulation of the above type, which can be a step forward to the resolution of the above questions, is
possible via transition in the path integral (11.2) to the original phase space variables and Lagrange multipliers
of the canonical formalism of a gauge theory. As we remember from Lecture 4 the Liouville integration measure
in the physical phase space,

D¢ D = [ [ d&(t) dn(t), (11.3)

is the result of reduction of the range of integration over the original phase space of canonical coordinates ¢’
and conjugated momenta p; to the subspace of first class constraints 7),(¢, p) = 0 and auxiliary gauge conditions
x"(g,p) = 0. If one formally denotes the dimensionality of phase space by 2n, i = 1,2, ...n, and the number of
first class constraints m, u = 1,2,...m (m and n are actually infinite and correspond to continuous ranges in
field theories), then the 2(n —m) dimensional measure of physical phase space, A = 1,2, ...n—m, is the following
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projection of the original Liouville measure to the Liouville measure on this subspace by delta functions of first
class constraints 7, and gauge conditions x*,

drEd " = d"qd™p 6(x) 6(T) J, (11.4)
—_— ——
2(n—m) 2n
s0) =TJo0e, o =[[6(T), J=detJ, J&={x" T} (11.5)
u u

Here J} is the canonical Faddeev-Popov operator — the matrix of Poisson brackets of first class constraints and
gauge condition functions — which should be nondegenerate and therefore invertible.

On the other hand, the physical action is a restriction to the constraint subspace of the original canonical
action of the theory,

Sphys[€,7] = S[a,0,M] | 1y =g » (11.6)

S[Q»va]:/dt(piqi_HO_AHTM)~ (11.7)

Therefore, the generating functional (11.2) can be rewritten as canonical Faddeev-Popov path integral

Z[J] = /DquDA(S[X]DetJ exp (iS[qm,)\] +i/dtJA(t)§A(t|q,p)), (11.8)

where the functional delta function of the first class constraints 6[ 7] is represented as the following integral
over the Lagrange multipliers,

5] = [[6(T(a(t), p(t))) = /D/\ exp (—i/dt)J‘TH). (11.9)

The physical coordinates in the source term £4(t|q,p) are some functions of ¢ and p. Similarly to (11.9)
functional delta functions of gauge conditions and functional canonical Faddeev-Popov determinant are defined
as products over the moments of time of their ultralocal instantaneous values

dx] =TT o 0xta(®), p(1))), (11.10)

Det J = [ [ det JX(q(t), p(1)). (11.11)

11.2 Gauge independence of the canonical path integral

Note that the relation (11.4) between the integration measures was derived in Lecture 4 for a particular set
coordinate gauge conditions x* = x*(g), but in fact it holds for a wider class of generic canonical gauges
x"(gq,p) and, moreover, underlies the main property of the Faddeev-Popov path integral — its on-shell gauge
independence. For the sources switched off one has for small changes of gauge conditions functions,

Zx[0] = Zy+5x[0], (11.12)
To prove this consider infinitesimal change of gauge conditions
X = x* +oxt. (11.13)

It can be generated by the canonical transformation of phase space variables with the infinitesimal generating
function 69 given by a linear combination of first class constraints, 6¢ = 7, F*, with some infinitesimal gauge
parameters JFH

¢=1(¢p) = ¢ =(d,p) = (¢ +dq,p+p), 6¢=1{,00(¢)} (11.14)
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This transformation is ultralocal in time, and it should simulate the change of the gauge conditions functions
xX"(¢') = x"(¢) + {X*, T} F, (11.15)
whence its identification with x*(¢) + 0x*(¢) gives (remember that J = {x*,T,} is invertible)
v _ 7—1v
FU=J7 7 oxM. (11.16)

Note that this relation is ultralocal in time, dx*(¢) generates F*(t) at the same moment in time, because the
functional matrix J# and its inverse, if treated as spacetime operators are proportional to undifferentiated time
delta function, J¥(¢,t') = J*§(t — t’'). Therefore, if we assume that the gauge conditions in the definition of
S-matrix are not varied at t3 — foo (what we will do for a time being) then F¥ (1) = 0.

Now make the change of integration variable (11.14) in the generating functional (11.8) where we prefer to
write the quantum integration measure in terms of the delta function of constraints,

D¢ D = DqDpo[x][T]Jy, (11.17)

and explicitly indicate by the subscript that the Faddeev-Popov determinant is calculated in the gauge x*.
First we just relabel the phase space variables by ¢’ = (¢, p’),

Zy[0] =/Dq’Dp'(S[X(q’,p’)]5[T(q’,p’)]Jx[q’,p’] eXpi/dt(p’Q’—Ho(q’,p’)), (11.18)

and then carefully transform everything to the original (g,p). Let us show that the result will be just a
replacement (11.13) of gauge conditions functions.
We have for the exponentiated classical action

ty ty

/dt(p' q — Hg(q',p')> o /dt(pq — Ho(q,p)) ‘TH:O, (11.19)

B

t_ t_

because under a canonical transformation the symplectic form transforms by the surface term at ¢4, which van-
ishes in view of F¥(t4+) = 0, and Ho(¢',p") | 7=0 = Ho(q,p) +{Ho, T} F" | r=0 = Ho(q, p) since the Hamiltonian
weakly commutes with first class constraints, {Ho,T,,} = V/T,. Liouville integration measure under canonical
transformations is invariant and the delta function of gauge conditions by construction goes over into that of
the new ones,

D¢ Dp' = DqDp, 6[x(¢',p")] =d[x(a,p) + x(q.p)]- (11.20)

Problem 11.1. Show the above properties of the canonical transformation for symplectic form and Liouville integration
measure.

The transformation of the quantum measure is trickier,

0

S(T(8) F) = 6(T(9)) Jy(6) + { T, 68} 5(T) + Ty | g d(T) | { T3, 50}, (11.21)

Consider the first two terms and use the variational formula for detJg, {J,60} = JJ *150‘ {JB, 60} =
Iy J _lﬂo‘ {{x?,T,},6@} and the cyclic Jacobi identity for the double Poisson bracket. The result is

O(T) Jy + {80} 8(T) = 8(T) | Iy + I ™5 {{x", 60} T} =, J~l5 {Tu, 60}, x}]

Jx+sx

= 5(T) [JX+5X + g, 09, (11.22)
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where we took into account that {x?,6®} = 6x” and denoted by £2* the coefficient of the constraints in the
following commutator

(T, 00} = QUT,,, Q¥ =U" F* + {T,, F*}. (11.23)

(remember the first class nature of constraints 7, weakly commuting with each other, {T,,,T,} = Ug, Ta).

| Problem 11.2. Check Fq.(11.22). |

The third term in (11.21) reads

9 d
pp— = - [ a
Ix {a:ra 5(T)} (T 00} = Iy | Tuggmo(T) | 2 = = I 125 0(T) (11.24)
—
—6;; 8(T)

and cancels the second term of (11.22), so that we finally have for the quantum measure on the phase space of
¢ = (q,p) the transformation

S(T(d)) Ty (') = 6(T(9)) Txtox(0)- (11.25)
Altogether Eq.(11.18) becomes

Z,[0] = /DquD/\cS[X+5X]Det Jyaox €S10PA = 7 5 (0] (11.26)

On-shell Faddeev-Popov path integral is gauge independent at least in the class of gauge conditions functions
related by sequence of “small” gauge transformations with nondegenerate canonical Faddeev-Popov operators.

This theorem can be easily extended to off-shell generating functionals if the sources J! are turned on for
some gauge-invariant observables O whose canonical gauge transformation weakly vanishes on the constraint
surface in phase space, that is

(01, T,} =V}, T, (11.27)

Then the proof of gauge independence of such generating functional of correlators ( Oy, ...Oy,,),
Z[J] = /Dq Dp D[ x| Det J, e SlapAl+i[dt 71 (D01 (11.28)

obviously goes without difficulty in view of gauge invariance of the source term on the subspace of constraints in
phase space of the theory, 67Oy |r—o = 0. Below we will see that weakly vanishing sources in the path integral
representation of S-matrix actually represent the example of such gauge-invariant observables.

11.3 The Lagrangian form of the path integral in gauge theories

Transition to the Lagrangian form of the path integral is achieved, as in the non-gauge theory case, by
integrating out the canonical momenta. When the Hamiltonian in the canonical action is quadratic in momenta,
this can be done exactly by taking the Gaussian integral. For the class of coordinate gauge conditions x*(q)
the result reads

/Dpeis[q’p)‘] = const [DetGij]_lpeiS[g], (11.29)

where S[g] = S[q, \] is the Lagrangian action which follows from the canonical action by the substitution of
the momentum p = po(q, ¢, A) as a function of coordinates ¢, their time derivatives and Lagrange multipliers A

Slgl=Sla.A] = /dtL(q&', A) = S[q,p0(q, G, \), Al (11.30)
ij 82 4 -1 aQL
G = B0 on, (Ho+ ¥ T,) = (Cij) . Gijl,mp, = 57rga (11.31)



The equation for po(q, g, \) is®

6S[q,p, \]

S0
— 1 —
0 ‘pzpo =¢' — —— (Ho+M'T,) ’ =0. (11.32)

Op; P=Po

Thus, the generating functional takes the Lagrangian form

217) = [ Dgnlg]91x(e)| Det @lg] et Lol (11.33)
Dg=Dg¢D), ulg]=]] (detGy)""* = (DetGyy)"?, (11.34)

N (11.35)
where u[g] is the contribution of the local measure and Q#[g] is the Lagrangian form of the Faddeev-Popov
operator. In contrast to the original canonical path integral, the sources are included here to the full set of
gauge fields g = (¢'(t), \*(t)) including the Lagrange multipliers in order to have the possibility of generating
the correlation functions of all gauge fields g¢,

Jo g% = /dt (Ji(t) ¢' (1) + J.(t) X(1)). (11.36)

We remind that we use both the spacetime condensed notations (as in ¢g*) and canonical condensed notations
in which indices contractions involve spacetime and space integrations respectively.

Let us briefly discuss the contributions of the local measure pfg] and the Faddeev-Popov determinant
Det Q%[ g]. As it was discussed before, the matrix of local measure Gj; is ultralocal in time, so that in spacetime
condensed notations

Gy =Gi(t)6(t—1t'), im (i,0), jr (j,t), (11.37)

/2

ulg] = (Det Gij) = (Hdet Gij(t)>1/2 = exp (%(5(0)/(115 In det Gij(t)). (11.38)

The local measure contribution is always divergent and serves to cancel the strongest volume divergences of
Feynman graphs. In the dimensional regularization these divergences and the measure contribution altogether
vanish and, therefore, physically are unimportant (modulo the subtleties of the regularization mechanism which
might lead to quantum anomalies which we will not discuss here).

11.4 The relation between canonical and Lagrangian gauge transformations

To interpret the Faddeev-Popov operator Q¥[g] note that for coordinate gauge conditions x*(q) it describes
their canonical gauge transformation generated by the first class constraints (remember the material of Lectures

4 and 5)

QU] F = (XM Ty |, F* =" x"| (11.39)

p=po’
On the other hand, there is a map between these Hamiltonian formalism gauge transformations 67 g% and
their Lagrangian counterparts Afg?, 67 g% = Afg® under a certain relation between the Hamiltonian gauge
parameters F* and the Lagrangian ones f®. The structure of §* ¢¢ is different for ¢* and A\* — for coordinates

8The restriction to coordinate gauge conditions x*(q) allows one to avoid the contribution of §[ x(q)] to the equation for po, but
for theories with constraints nonlinear in momenta extra dependence on momenta enters through the Faddeev-Popov determinant
Det J'[g,p] and makes the integral non-Gaussian. Still, for theories with at most one (per spatial point) constraint T}, quadratic
in momenta (the case of Einstein gravity with the Hamiltonian constraint H, among T, = H,, see Lecture 4) the integral over
p; can be exactly taken and reduces to the substitution of pg in the action. This was shown in E.S.Fradkin and G.A.Vilkovisky,
Quantization of Relativistic Systems with Constraints: Fquivalence of Canonical and Covariant Formalisms in Quantum Theory
of Gravitational Field, preprint CERN-TH-2332, 1977. For generic local theories the deviation from this rule reduces to extra
perturbative contributions to the local measure ~ §(0) discussed below.
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¢* they are just canonical ones, that is generated by the constraints 7, and ultralocal in time, whereas for \*
they involve time derivatives of F*

. T
57 ¢ |p:p0 _ ?9 1 FH (11.40)
Pi | p=po
§FN = FH —Ur NTFY — VI (11.41)

In the Lagrangian formalism they both can be represented in terms of gauge generators R, as spacetime
differential operators with the entries a and p — spacetime condensed indices. In both spacetime condensed and
canonical condensed (with explicit integration over time) this reads as

Alg® = Rj fr = /dt’ Re(t, 1) (1), (11.42)
Ri—Ritt’——ﬁT“ Sit—t), i it t 11.43
W= /,l,(’ )_ap (_ )7 l'_>(17)a ﬂ"_)(ua ) ( . )
v I'p=po
loa g (o8 d o (o8
RS = RI(t,t) = (5# = = U\ =V ) St—t), o (0,t), pe (ut). (11.44)

We know how F* is related to f¢ in concrete examples of relativistic particle, Yang-Mills theory and Einstein
gravity, and generally F* # f#. In what follows we will assume for simplicity that they coincide, which in
principle can be attained by a reparametrization of the group manifold, or if necessary in relevant equations
additional factors of the matrix 0 f%(F)/0F" will appear.® Then the Faddeev-Popov matrix in (11.39) can be
written down as Lagrangian gauge transformation of the gauge conditions functions

_ o L

(11.45)

For coordinate gauges x*(q) this is an ultralocal in time operator Q¥ = JH(q,p) | p=p,d(t —t'). We now want
to extend the notion of the Lagrangian path integral to a wider class of gauges and claim that it will be gauge
independent (on shell or for gauge-invariant source terms) and, therefore, coincide with the path integral in
unitary gauges.

11.5 Closure of the gauge algebra and gauge independence of the Lagrangian path
integral

So we define the Faddeev-Popov path integral (11.33) in a generic gauge x*(g) = x*(q,g) — local functions
of gauge fields ¢g® and their spacetime derivatives — with the nontrivial quantum measure 6] x(g)]Det Q#[g],
where the Faddeev-Popov operator defined by Eq.(11.45) is no longer ultralocal in time. Successful choice
of gauge conditions will manifestly restore such symmetries as Lorentzian symmetry of the formalism and will
guarantee unitarity because the starting point was canonical quantization in the physical sector with a Hermitian
Hamiltonian. This is the logic of recovering manifest covariance simultaneously retaining unitarity of the theory.
We will see now that the critical point of this strategy — gauge independence of the path integral — will rely
on locality of the theory and the closure of the algebra of gauge transformations in Lagrangian formalism. This
means that it forms the representation of the group algebra closed with respect to the Lie bracket of gauge
generators I, on the configuration space of gauge fields g”. In spacetime condensed notations this property
reads as
R,

SRY
b —~ — R, L =C) RS, (11.46)

RM (Sgb v 5gb

where Cﬁ\u are the structure constants of the gauge algebra.
The proof of gauge independence of (11.33) proceeds along the lines very similar to those in the canonical
formalism. We imitate the change of gauge conditions x*(g) — x*(g) + 0x*(q) by the gauge transformation

v
g =g"+ Ry ", X' = ;g(a RLfU =QLf" = [r=Q o, (11.47)

9For example, J&' = QL 6f*/8F*, or DetJ = DetQh x Det(6f*/6FH) with the last factor contributing to the local measure.
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where Q¥ is the inverse of Q* — the Green’s function which is supposed to exist because Q¥ is of course
non-degenerate.'® Under this transformation we have

Dy’
S[o/1=lgl. STx(s)] =dlx(a) = Bx(a)]. Dy =Dy | T2 . (143
Dy’ ég' —1
—— | = Det =1+ (R lox”
| = pe S <1 (0 ),
=L R REQTY O — R QT (XGa RS+ X5 RYW) 7, (11.49)
where comma denotes the functional derivative with respect to the gauge field, dx* = dx*/dg?, Xba =
§2x*/5g*6g°, etc., and we used the formula of variation of the determinant. Similarly
Qulg'] = Qulg] [ 1+ Q7 RLoxS, R f7 + Q7 R, x5 Ry /7. (11.50)

’Problem 11.3. Check Eqs.(11.49)—(11.50)‘

Combining together Egs.(11.49)-(11.50) one finds that the terms with x4, = x%,; cancel out, whereas the
underlined terms form the Lie bracket of gauge generators

Dyg' ~1u v
Qo' | Dy [= Q[T+ Q7Y RL oYY

+ Q[ Boo f QNG (RE R, — RAES,) £7]
[ORL | w

= Qy+sy + O 3g¢ + C;w fr. (11.51)

Finally, the transformation of the local measure reads
[ In
o1 =ula] |1+ 2R (1152

Therefore, if we assume that the local measure transforms like

polnp _ [OR
2 6ga - 5ga

+ CZV] : (11.53)

then the total quantum measure has under the transformation (11.47) simulating the change of the gauge the
needed form

/

Dg
Dg

1[g'10[x(9") ] Det Qy[g'] ‘ = u[g16[x(g) +dx(9) ] Det Qy+sx[g]- (11.54)

This finally proves that, similarly to (11.26) the on-shell path integral is gauge independent in the class of gauge
conditions functions related by “small” gauge transformations with nondegenerate Faddeev-Popov operators,

Z,[0] = Zy15,[0]. (11.55)

Note that the gauge transformation of the measure (11.53) is consistent in the sense that both right and
left hand sides in field theories are 6(0)-type divergences, which vanish in the dimensional regularization and
can be discarded from the very beginning because they do not lead to visible physical effects. Indeed, for
diffeomorphism group structure constants

MY = 000(2,y)8,0(x, 7)) — (o < v,2"),  C%, = 0,0(2,2") | wr—s.

/
T v

10Below we will see that in a wide class of gauges Q¥ is a second order differential operator, and its Green’s function is consistently
defined by the same boundary conditions as those of physical degrees of freedom — positive/negative frequency boundary conditions
at future/past infinities.
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Similarly Rj, , o< d5(0) and Inp[g] o 6(0) in view of (11.38). The analogue of this measure in the finite-
dimensional context (when the ranges of ¢ = 1,..n and g = 1,...m are really finite) is the Haar measure
of integration over the m-dimensional group manifold. Usually the Lagrangian (or covariant) version of the
Faddeev-Popov integral is introduced via the procedure of integration over the group and factorization of the
group volume factor. This is rigorous only in the finite-dimensional case and for compact groups with a finite
group volume. To avoid both of these difficulties we chose another procedure — derivation of the covariant
Faddeev-Popov integral from its Hamiltonian version, which in its turn originates from manifestly unitary

quantization in the physical sector.

Lecture 12. Relativistic gauge conditions and gauge ghost fields

o On-shell source term

e t’Hooft trick and gauge breaking term

e Feynman-DeWitt-Faddeev-Popov ghosts

e Boundary conditions for gauge and ghost fields

e Recovery of classical theory, initial conditions and counting physical degrees of freedom

Here we continue the discussion of gauge independence of the Faddeev-Popov path integral and S-matrix,
consider various types of gauge-fixing procedure and reinterpret the quantum path integral measure in terms of
ghost fields.

12.1 On-shell source term

As in the case of unitary gauges, the gauge independence property (11.55) can be extended off shell if the
sources are turned on for gauge invariant observables, J,g* — JrO![ g], satisfying R, 501 /5g* = 0. A particular
case of such gauge invariant is the on-shell weakly vanishing source term which arises in the construction of
S-matrix via the generating functional (8.47), that is Z[J] with J given by (8.38). To generate S-matrix in the
physical sector, the source term of (11.2) should read (see Eq.(8.39))

oo
_ / dter(t) See (%) £(t) = [gmfmg]:i:, (12.1)

where m = 79(£(t),£(t)) and 7; = 70(&7(t),€1(t)) are the Lagrangian values of canonical momenta for the
quantum (integration) physical field () and the interaction picture field &;(¢) repectively. We remind that
the latter is a solution of linearized equation See(d/dt)ér(t) = 0 with the Hessian of the physical action See =
§2SPhys /5¢5¢, so that after integration by parts only the surface term at t = 4oo survives and equals the
symplectic form built in terms of the two fields £ and &;. Natural question arises whether this source term can
be transformed to original Lagrangian variables g* = (%, \*) similarly to the transformation (¢, 7) — (¢,p) in
(11.4)-(11.5) and whether it will be gauge invariant in terms of g*.

It turns out that this is indeed possible because the source term (12.1) is at infinity ¢ — foo where
the integration field £(t) satisfies positive/negative frequency boundary conditions and can be treated in the
linearized approximation. Therefore the reduction to physical sector becomes a linear problem which can be
universally solved. Let is show that (12.1) can be rewritten in terms of original Lagrangian fields g* = (¢%, \*)
as

— — e u — d b
—&1 See §= —g1 Sg99 = — / dt g7 (t) Sab (g) g°(t), (12.2)

where g¢ = (q%(t), Nf(t)) is the set of interaction picture fields — generic solutions of the linearized equations
of motion analogous to (8.46) composed of positive/negative frequency basis functions u%(t) ~ e~ 4! and
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ugr(t) ~e@at wy >0, |t| — oo,
Sapgh =0, §9 =uSaa+ufad, ul~e @A wy > 0. (12.3)
Here the operator S, is the Hessian of the classical action on the empty and flat space background go,

_ 9*S]g]
© 0gedgb

Sab

, (12.4)
9o

and (a, @4) are the c-number arguments of the S-matrix normal symbol, which get replaced by creation/annihilation
operators in S-matrix and scattering amplitudes (cf. Eqs.(8.51)-(8.52)).

From the form of the action (11.30) with the Lagrangian L(q, ¢, A) it is obvious that in the block structure
of this Hessian,

Sy Si } (12.5)

Sas = [ Suj S/w

the block S, = (0?L/ONON) 6(t —t') is an ultralocal in time operator, whereas S;; is a second order operator
in time derivatives and off-diagonal blocks are the first order operators. Therefore in the Wronskian relation of
footnote 4, obtained by integrating over time by parts, S,,-block does not contribute at all and the rest takes
the form

+oo
— — — ~+o0
g7 Sig = [ dt g5 ® - 510 S0 = [6: (W), ¢ (War) ] . (128
where
oL .
(Wg), =Wing" =3, (&ii) = 0407 (¢, 4, \) (12.7)

is the linearized (in the variable g) canonical momentum as a function of g and ¢ (and similarly for g; and ¢g7).!*

Problem 12.1. Check (12.6) and prove that
d 0L ;9L 0L
)o

T b — ( el I =
Wi s =\ ¥ pgiag agon ¥ "= pgiag

Therefore, (12.6) becomes a symplectic form built at ¢ — +00 in terms of the linearised quantum fields (¢*, p;)
and linear interaction picture fields ¢¢ and p! = (Wgy);
I

S b 1 i T
—97 Sabg’ = [q}pi—qlpi (12.8)

Here we disregard the linearization notation for variables (¢°,p;) because they are anyway linearized due to
boundary conditions on integration field g.
Now, we substitute this source term in the integrand of the canonical or Lagrangian path integral (11.33),

Z[—gf S| = /Dgu[g]5[x(g)]DetQ[g]eis[g]‘ig?sz”gb~ (12.9)

Then in the coordinate gauge x(g) = x(q), if we recollect the reduction to physical sector in Lecture 5, we have
for linearized fields ¢' = e4,¢# and w4 = €Y p; (and similar relations for interaction picture variables (1, 77)).
Here ¢* = e*(§) are the embedding functions of the physical configuration space into the space of coordinates

1n other words, the interpretation of Eq.(12.6) is that the canonical momentum conjugated to A" is identically vanishing and
.
(wg), =0.
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q¢', and eiy = 9e’/O¢A. Therefore the symplectic form (12.8) exactly coincides with the the physical symplectic
form in Eq.(12.1),

— . . +o0 +o0
—gF Swg’ = [&lehp — gl | = [gtma—etah] (12.10)
Thus the Faddeev-Popov path integral in the canonical coordinate gauge exactly recovers the unitary S-matrix
construction in the physical sector.
In order to go beyond this class of gauges we have to perform the procedure of changing the gauge conditions
by means of gauge transformations under the path integral sign. Gauge independence will hold if the symplectic
source term (12.8) is gauge invariant. To prove this consider

— . . +o0
—A (g7 Sang”) = [q} (A7p;) — (qul)pﬂ ) (12.11)
(note that only quantum fields are transformed). We have
. 0T, oT,
Ag = L Fr ATp, = — L Fr 12.12
=73, i 4 (12.12)
whence it follows that
- or, . OT too Foo
AT (g2 S g") = [ iy Zn 1} —TW (g, -0, 12.13
(97 Savg”) o Uty | =T e | (12.13)
where Tﬁl) (qr,pr) = —Suag$ = 0 is the linearized constraint which is just a y-component of equations of motion

for interaction picture fields. Thus this weakly vanishing source term is gauge invariant and, therefore, admits
the transition of the Faddeev-Popov path integral to other gauges without changing S-matrix.

Problem 12.2. There is a subtlety in using the second of equations (12.12). Point is that p here is actually the Lagrangian
expressions for momentumt p = po(q, g, ). Therefore, Afpfb.J should be understood as the result of gauge transformation of all of
its arguments ¢, ¢ and X by the first class constraints (and special transformation of Lagrange multipliers (11.44)). Show, however,
that AFp?(q, g, \) differs from (12.12), A7p%(q, ¢, \) # 7 p; |p=py, by the terms proportional to dynamical equation of motion for

q,

T, 8T, 85

ATP0(q, 4, 0\) = ——E FH — @45 ©

P (2,4, A) g 7 Opy0pn 00
8S . 8Ho ., 0L, , ( 2Ho ., 9°T, )*1
st T PFT ogk agk’ Y \9piop; opiop; )

Hint. From the equation §S/6p = 0 find the derivatives of p°(g,qd, \) with respect to all of its arguments. Use them to derive
AFpy = %qu + .... Employ the commutator relations for constraints, {Ty,Tv} = U7, Ts, {Ho,Tv} = VT, and their
derivatives with respect to canonical momenta. Find the modification of the above relations for exotic theories with the structure

functions UJ, and V,J depending on momenta.
This extra term, of course, does not change the above proof of gauge invariance, because the source term is on-shell with 6S/dq = 0.

12.2 t’Hooft trick and gauge breaking term

Delta function type gauge conditions in the Faddeev-Popov integral can be replaced by an additional term
in the classical action, which is called gauge breaking term. This can be done according to the following t’Hooft
trick. Using the gauge independence of the path integral we shift the gauge conditions functions x* by a field
independent quantity b*, x* — x* — b, so that Z, = Z,_; (in what follows we imply that we are on shell
and omit the source argument of Z). Then, by noting that Q,_, = @, we insert in the integrand of the
path integral for Z,_; the unity represented by the Gaussian integral over b* and take this integral by using
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0[x(g) — b]. This leads to

1= (Detcuu[g])1/2/Db6_%b“6“"[g]by

!
Zew= [ Dynlg)blx(o) - b]DetQysfg) el
:/Dgﬂ[g]DetQX[g}ei(S[g]*%X“’(g)cw[g]x”(g)). (12.14)

As a result we get instead of the delta function of gauge conditions extra term in the total gauge-fized action
Sef, which is quadratic in x*(g),

1
St =S — 3 X' eunx”s (12.15)

and additional modification of the integration measure p[g] — g[g],

- 1/2
filg] = (Det Gij[g]Detculg]) .
The invertible gauge fizing matriz c,,[g] is generally an arbitrary functional of the gauge field. When this
matrix is ultralocal in time and space, ¢, — ¢, (2)0(x, —2,), the measure fi] g | remains local and proportional
to 6(4)(0). However, in many cases, like higher-derivative gravity theory or Horava gravity, it is useful to take
this functional matrix as a differential operator in spacetime.

(12.16)

12.3 Feynman-DeWitt-Faddeev-Popov ghosts

Fundamental step in the advancement of path integral method for gauge field models consists in the
observation that the Faddeev-Popov functional determinant can be rewritten as a Gaussian integral over anti-
commuting Grassmann fields C* and C, with the algebra similar to the algebra of classical fermionic fields

crcor = —CVC'LL, CMCV = _CVC’H’ CMCV = _CVCH' (12'17)

By using the Gaussian integral (9.42)-(9.44) from the theory of bosonic-fermionic systems we see that the
Faddeev-Popov determinant can be represented as

Det Q[g] = /Dcpc‘*ei@%g]c”. (12.18)

These Grassmann variables are called Feynman-De Witt-Faddeev-Popov ghost fields. Therefore the path integral
acquires the form of the integral over the full configuration space of gauge and ghost fields with the exponentiated
total action,

Z = /DgDCDC‘ﬁ[g] expi (S — %X“CWXV +C.Q4 C”). (12.19)

The total action consists of the classical gauge invariant part, gauge breaking part and ghost action.

Why is this form useful? Point is that in certain class of gauge conditions ghost fields acquire dynamical
properties similar to ordinary physical fields (except their statistics — despite their integer spin they are anti-
commuting, and spin-statistics relation is violated, because the energy positivity requirements do not apply to
ghost particles). This class of gauges is good because it can preserve Lorentz covariance and provides manifestly
covariant perturbation and renormalization theory for gauge models. For this reason these gauges are called
relativistic.

Let us consider several basic examples. We know from Lecture 5 examples of canonical gauge conditions on
phase space variables, which allowed us to disentangle the physical sector. For QED it was the Coulomb gauge
x = 0; A", for linearized gravity it was the set of gauges for spacetime diffeomorphisms x* = 9;h", x| = §;;7%.
All these gauges generate ultralocal in time Faddeev-Popov operator J/* o< §(t,, —t,). These gauges exclude all
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gauge and other unphysical modes of the theory except those of the physical sector. Only physical sector modes
are propagating in these canonical gauges.

Relativistic gauges are different. In electrodynamics this is, for example, the Lorentz gauge x = J,A".
Under a special choice of gauge-fixing 1 x 1 “matrix” c,,, = 1, which is just a number, the gauge fixed action

reads
A]:—i/d‘l F2—7/d4 (0, A™)? /d4 (0, A0) (12.20)

It describes the propagation of four components of the vector potential including the Ag-component and the
unphysical spatially longitudinal component (A is a ghost with a negative kinetic energy — here the term “ghost”
is used not in the gauge theory sense, but rather indicating its instability due to negative kinetic energy).

Relativistic gauge in linearized Einstein theory is the harmonic (or linearized DeDonder or DeWitt) gauge
X" = 0,h" — (1/2)0*h which yields the gauge-fixed linearized gravitational action

1 174 1 (0% o oo (0% o
Seel ] = S[huw ] = 5 /d4xx“77uux :_1/d4 (7 + 2 — A7) 0, had hag, (12.21)

in which all ten metric fluctuations are dynamically propagating.

In both of the above cases relativistic gauge conditions contain Lagrange multipliers (A = A in electro-
magnetism and M oc h% for linearized gravity) and their time derivatives. Generic structure of these gauge
conditions x* = x*(g, ¢) is such that the matrix

ax"
is non-degenerate. Their Faddeev-Popov operator is no longer ultralocal in time. Indeed, it is of the second
order in time derivatives

o
a,

oxH 5)(
- a __ e’
@ dg® Ry oM\ Ry

= (W 4 + ) (53 % + ) t—t)+..= (—a,‘j j—; + .. ) St —1t). (12.23)

O\ di
With this operator the ghost action contains the kinetic term for ghost fields

— — d . - . =
C’HQ’;C”:/dtCM af;@Jr C” /dt c a50”+...) E/dtLghOst(C,C,C,C). (12.24)

Thus, all gauge and ghost fields & = (g%, C*,C,,) on equal footing enter the total action and its total
Lagrangian

Stot[ds] = ng[g] + Sghost[ga O, C] = /dt Ltot(¢7 @), (1225)
and the Faddeev-Popov path integral (12.19) takes a very concise form

/D@u et Sl P, (12.26)

Interestingly, the local measure u[ @] also expresses via the (super)determinant of the Hessian matrix of the
total Lagrangian with respect to velocities of boson-fermion variables &

— 1/2 1/2
3 0 (Det aab)
@] = | SDet Ly, =" 12.27
K] ‘ (6@ “aqs) Det af (12:27)
This follows from the block structure of the Hessian of the gauge-fixed Lagrangian

angf a-j a;
_ _ | @y G 12.28
o 99 9g° { Quj Qv } 7 ( )

ox“ ox”? ox®

ai; = Gij — —aqi Cap —aqj . Qi = o0 w Gy = —a,(f Cap af,. (12.29)
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(G;j is defined by Eq.(11.31)) and its determinant

det agy = det Gy det cap (det aﬁf)Q, (12.30)

which implies that the local measure (12.16) in the path integral of Eq.(12.19) equals the total measure (12.27)
in the full gauge-ghost system of fields

1/2 _ (Det aab) 12

——— = u[®] (12.31)

ﬂ[g] = (Det Gij Det Caﬂ)

’Problem 12.3. Derive Egs.(12.28)-(12.31) ‘

Eqs.(12.26) and (12.27) show that in relativistic gauge all the fields become propagating and at the quantum
level (that is in the path integral) are treated nearly on equal footing. “Nearly” means here that we for a while
forget about the source term — for S-matrix no sources are turned on for ghost fields and for gauge fields g®
the source is weakly vanishing in the sense of Eq.(12.9). So, modulo what is at the external lines of Feynman
diagrams (the lines that extend to ¢ = £o0) all the fields @ = (¢*, \*,C*,C,,) contribute to the path integral
by the same rule — via the integral of exponentiated action and local measure.

The local measure for gauge fields and ghosts is also built by the same pattern — via the Hessian of the
Lagrangian with respect to field velocities &. The only difference is in statistics — the determinant of the
matrix of the kinetic term for bosons (that is aq in Eq.(12.28) and for Grassmann ghosts (that is a¥ =
(3/86’“) Lghost (%/801’) in Eq(12.24)) go respectively into the numerator and denominator of the expression
(12.31).

Note that in contrast to canonical gauges, in which all non-physical fields were excluded as a result of
imposing the full set of constraints and auxiliary conditions (that is gauges), here all the fields are propagating.
For ghost fields this was already shown above — the wave operator in their equations of motion (12.23) is of
second order in time derivatives and demands imposing two boundary conditions per each ghost mode in order
to specify its time evolution. The same holds for all gauge fields g® — not only equations for ¢° are dynamical,
but the Lsagrange multipliers are dynamical as well — they acquire the kinetic term quadratic in A from the
gauge breaking term in the total action,

1. .
Setlg] :/dt(gkﬂaw A”+-..), (12.32)

where a,, is defined by Eq.(12.29). Natural question arises, how all these n + m + 2m dynamical variables,
that is n variables ¢*, m variables A\*, 2m ghosts C* and Cu,i=1,..mn, p=1,..m, can correspond to n —m
physical degrees of freedom within the canonical gauge fixing procedure.

(¢°, ) =g* < mn+m variables
Q’“ — m variables
Cu — m variables

Interpretation of this situation is that dynamical ghost fields of opposite statistics effectively subtract 2m degrees
of freedom from the configuration space of original gauge fields g°,

#DoF=n+m—2m=n—m. (12.33)

This subtle mechanism of cancellation of quantum degrees of freedom is provided by the Feynman-DeWitt-
Faddeev-Popov gauge fixing procedure of the above type. It takes place in the quantum interaction domain
(or in the inner region of spacetime as opposed to the asymptotic future and past infinities corresponding to
external lines of Feynman diagrams).

12.4 Boundary conditions for gauge and ghost fields

What has not yet been discussed yet is the imposition of boundary conditions on gauge and ghost fields in the
Faddeev-Popov path integral. Implicitly, though, these boundary conditions have already been exploited in the
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proof of its gauge independence. Point is that, as we know now, the Faddeev-Popov operator Q¥ in relativistic
gauges is a differential operator, and its inversion requires the knowledge boundary conditions which would
fix its Green’s function uniquely. At the same time, when proving gauge independence, we used this Green’s
function and, moreover, varied it in Eq.(11.49) by using the variational equation from finite dimensional linear
algebra,

QY =—Q Qs QY.

However, not all possible boundary conditions for nonlocal Green’s functions are consistent with this variational
law.!'? Fortunately, the positive/negative frequency boundary conditions at t — 4o, which were derived for
integration fields in the physical sector, are consistent with this variational law. Therefore, it is natural to
assume that ghost fields and their Green’s function Q~!# should satisfy the same Feynman boundary conditions
as the physical modes.

We also have to specify boundary conditions for Lagrange multipliers and nonphysical modes among the full
set of gauge fields g = (¢°, \*). Consistency of the formalism requires that they all have to satisfy the same
boundary conditions. Indeed, the proof of gauge independence uses the gauge transformation of g* imitating the
change of gauge conditions, Ag* = R, Q1% §x”, and this transformation should not spoil the needed boundary
conditions for g¢. Since Rj is a quasi-local differential operator, Ag® has the same boundary conditions at
t — 400 as the ghost Green’s function @~'#, which confirms this property. Later we will derive tree-level
Ward identities which establish a linear relation between the Green’s function G® of ¢* and the ghost Green’s
function Q~1#, which will give additional justification of this statement.

12.5 Recovery of classical theory, initial conditions and counting physical degrees
of freedom

Thus, at the quantum level the theory is described by the total action in which all gauge and ghost fields
enter on equal footing,

Seot[ @] = S[g] — %x“[g]cw[g] X[g]+CuQlg]C". (12.34)

A natural question arises, how this action recovers the classical equations of motion which should hold in
the tree-level approximation. This action generates on shell (that is without external sources) the variational
equations which intertwine all the fields. In the simplified case when the gauge condition x*(g) is linear in the
gauge field and c,,, is a field-independent constant matrix these equations read

oS ox” = 0QL

e o) (1259
QLCY =0, (12.36)
QLC, =0. (12.37)

Homogeneity of linear equations for ghost fields should not create an illusion that they should automatically
vanish, because the matrix Q¥ = Q*(d/dt) and its functionally transposed one in (12.37) are second order
differential operators which have zero modes — propagating modes of ghost fields. To rule them out we impose,
as was discussed above, positive/negative frequency boundary conditions at infinity, so that classically they
indeed vanish. Particles of ghost fields are not physical, and we do not include them into the initial and final
states of scattering amplitudes. With C* = C,, = 0 we get the equation for gauge fields

oS oxM

= 2 X =0, 12.38
(59(1 (Sga Cur X ( )

which is “spoiled" by the gauge breaking term — differs from the classical equation §5/6¢g% = 0. We know that
the classical action is gauge invariant, that is it satisfies the Noether identity which is valid for all values of

2por example, retarded and advanced Green’s functions GE of the second order operator F, FGT = —1, satisfy this law
5GE = G §F G, as can be easily checked by varying this equation and comparing boundary conditions on both sides of equations.
But the Green’s function G = (Gt + G7)/2 fails to satisfy it.
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gauge fields

5g° R, =0, (12.39)
so that any solution of 65/dg* = 0 is unique only up to a gauge transformation — if g is some solution, then
g6+ R, (go) f* is also a solution with a generic function of time f# = f#(t). Educated guess hints that Eq.(12.38)
would correspond to the classical equation of motion in the gauge x*(g) = 0 which is supposed to rule out this
ambiguity. Question is, how to enforce the second gauge breaking term to vanish and thus pick up the solution
in this concrete gauge. This is done as follows. Contract Eq.(12.38) with the the gauge generator R% and use
the Noether identity (12.39). This immediately leads to

Qg C;U/XD =0. (12.40)

which in view of (12.23) is a homogeneous second order equation on the gauge conditions functions

174 d2 174
QhL(d/dt) cpvx” = ( s ab + ) cuwx” =0. (12.41)
For its solution to be zero at all moments of time this equation should have zero initial data at some initial
moment of time ¢_ for both x* and x*. Let us see what does this mean from the viewpoint of counting the
number of physical degrees of freedom.
Equations (12.38) in the relativistic gauge form a set of second order equations for all g*

n
(%i - % X’ = —aap §° + ... =0 (12.42)
with a non-degenerate matrix aqp, (12.28)-(12.29), where the second order derivatives of Lagrange multipliers
g* = A* are contributed from the gauge breaking term. Therefore initial conditions for this equation consist
of 2(n + m) initial values of g* and ¢* at t_. Subtraction of 2m - the number of conditions x*|,_ = 0 and
X*|:. = 0 — brings us to 2n independent initial data'®, which is still too much compared to the number
2(n — m) anticipated from the canonical formalism with a unitary gauge. However, there are also residual
gauge transformations. Remember that relativistic gauge conditions do not fully fix the freedom in gauge
transformations. These are those AYg® = R{v" with special gauge parameters v* which preserve the gauge
conditions and solve the equations

AVxE = Q(d/dt)” (t) = 0. (12.43)

Since these are second order differential equations in time, their solutions are parameterized by 2m initial data,
v and ¥ at t_. This allows one to freely change more 2m initial conditions or reduce the number of physically
different initial conditions by extra 2m. Therefore, equation (12.42) plus initial conditions for gauge functions
x*|¢+. =0 and x*|;_ = 0 imply the overall counting of physical degrees of freedom which coincides with the
canonical one

2(n+m)—2m—2m =2(n—m). (12.44)

Problem 12.4. Why in this counting we do not count nondynamical equations — first class constraints, §S/6A* = —T,(g,g) = 0,
as an additional set of m restrictions on the initial data?

Hint. Note that these constraints are no longer independent and follow from the already counted restrictions x,x |¢_ = 0 in view
of equations of motion (12.42)

5S 5x° s :
(5)7 = _57‘ CapX XX, X-

13The time derivative x* contains 5\“, but it can be expressed via equations of motion in terms of g and ¢%, so that x* =0
forms m restrictions on the inital g and g.

7



Problem 12.5. Show that the result of the degrees of freedom counting is the same if we just consider the system of original
(non gauge-fixed) equations of motion plus relativistic gauge conditions

55/69% = 0,
X =—ab AV +...=0

Note that in this case the number of first class constraints actually participates in the counting.

Lecture 13. Tree-level and one-loop approximations, Ward identities,
BRST symmetry

Tree-level and one-loop approximations

Ward identities for bare vertices

e BRST symmetry of the Faddeev-Popov path integral

Ward-Slavnov identities

Zinn-Justin equation for the effective action

13.1 Tree-level and one-loop approximations

Expand the action in the off-shell generating functional (12.26)
213) = [ Dop(@) et Sl oisisr (15,1

up to quadratic order in quantum perturbations around the stationary point @y = (go, Co, Cp) of Siot[ @]+ Jug®
and calculate it in the the-level and one-loop approximation. Here the sources to ghost fields are not turned on
for reasons discussed above — absence of ghost particles in the external lines of scattering amplitudes. Therefore,
ghosts at the stationary point vanish, Cy = 0,Cy = 0, whereas gy is an off-shell solution of the equation of
motion with the gauge-fixed action (12.15),

0S¢
dg®

6S Sy

9=4go

9=4go

Then the answer for the background field functional W | go ] or the effective action I'[ (g) ], where (g) is a notation
for the mean gauge field defined in analogy with (10.11)

1 62]J] SWIJ]

<g>:Z[J] 6. ‘#o: 5Jy (13:3)

is given by the set of diagrams of Lecture 9. In these diagrams the loops are formed by the propagators of both
gauge and ghost fields. The gauge field propagator is the Green’s function of the Hessian of the gauge-fixed
action

52 Sgf 528 oxH oy

F,, = = — = 13.4
b dgadgb  6gedgb 6g“cﬂ dgb (13.4)

(we again consider the most convenient case of gauge functions y* linear in the field and the constant gauge-
fixing matrix c,,) and the ghost propagator is the Green’s function Q~'#. Both gauge and ghost operators are
nontrivial functionals of the gauge field, F,;[g] and Q*[g], where g is go[J] and { g®) respectively for W|go ]
and I'[(g) ]

Note that the operator (13.4), is nondegenerate including the on-shell configurations where the Hessian of
the classical action S,, = 025/5g%0g" has zero modes and not invertible. The latter property follows from
functional differentiation of the Noether identity (12.39)

. 028 N 05 ORg
M(gga(;gb 5ga 5gb -

(13.5)
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which means that on shell the gauge generators are zero eigenvalue eigenfunctions of Sy,

. 628

_— =0. 13.6
#09°09" | 55/54=0 (13.6)

The gauge breaking term of (13.4) makes this operator invertible and having a well-defined Green’s function
Gab

FGe = —5¢. (13.7)
With all this at hand we can write down the answer for the effective action in the one-loop approximation
Ilg]=S[9] = 5 x*[9] cux"[g] + hlone—100p 9] + O(h?), (13.8)

1 1
Fone—loop[g] = _Z Tr thab[g} + ; Tr anﬁ[g] (139)

Problem 13.1. Reproduce Eqs.(13.8)—(13.9)‘

Here for brevity we omit brackets in the notation for mean field. Also we disregard the contribution of lo-
cal measure —(i/2)Tr Ina,p + i Tr Ina” o §(0) responsible for cancellation of strongest volume divergences.!?

13.2 Ward identities for bare vertices

Let us explicitly demonstrate on-shell gauge independence of effective action in the one-loop approximation
— the basic property of the Faddeev-Popov path integral. In the tree-level approximation this property is trivial.
Indeed, the on-shell condition

Slg)) _ 0, (13.10)
5(g%)
for the tree-level effective action Iiee = Sgf + O(h) reads as Eq.(12.38) which after contraction with the
gauge generator results in (12.39). In view of boundary conditions at asymptotic infinity gauge conditions are
enforced throughout the whole spacetime bulk, so that gauge breaking term in Syt vanishes and [iree = 5,
which is obviously gauge independent.
In the one-loop approximation gauge independence of I" follows from Ward identities for bare propagators.
To derive them contract the equation for gauge Green’s function (13.7) with the gauge generator,

R% (Sab — Xteuwxy) G = —RE, (13.11)

and use the identity (13.6) to show that

QZ CH,VX;)/ Gbc 55/69=0 = Rgv (13'12)
where we introduced the abbreviation
SyH
X = 6X : (13.13)
g(L

Then, since @Q* is invertible we have on shell the following relation between the gauge and ghost propagators

L GYe =Q '*R¢ . 13.14
Cuv Xy §5/69=0 B ss/69=0 ( )

14With the inclusion of local measure the one-loop answer retains the same structure, but with the forms F,; and Q% replaced
respectively by the operators F¢ = (a=1)*Fy, = —6¢d?/dt? + ... and (a=1)5Q% = —6Ld?/dt? + ... with unit coefficients in kinetic
terms.
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This identity is usually known as a statement that the longitudinal part of the gauge propagator is given by
the ghost propagator. Consider the example from the theory of electromagnetic field (12.20), but with another
choice of the gauge fixing parameter — 1 x 1 “matrix” ¢, — 1/2q,

1
Set[ A] = —%/d‘leiV ~ 5 /d4m (9, AM)2. (13.15)

We have the following set of corresponding relations

g% Ay REFY s O f, XM = X = Oa A%, Sap > FPY =0 — 919", (13.16)
1 9,0, e 1

GabHGHV:—E[nMV—(l—a) i },Q e Q=2 (13.17)
ox(z)

xE — = 0"(x,y), 13.18
6A,(y) (@) (13.18)

1 1
Xy G s — "Gy = 5 0y Q'R (13.19)

Problem 13.2. Check these relations and interpret the meaning of the limit o = 0 in the expression for the propagator. ‘

Now we are ready to prove on-shell gauge independence of the one-loop effective action. Perform in Eq.(13.9)
infinitesimal variation of the gauge matrix x* and use (13.14)

. 1
Z6)([’011e—100p[g] = 75 6XTr lnFab[g] + 5XTI' anllf[g]

a — a v 55
_ [7 Gt e+ Q 151@} o o< 5 (13.20)
On-shell condition (13.10) in the one-loop order should be retained up to terms O(h?), 8y one—100p < 70S/dg =
RSI'/8g+ O(h?), so that it reduces to §5/5g = 0. Therefore the above result indeed implies gauge independence
of the effective action.

Problem 13.3. Ceneralize Eq.(13.14) to off-shell configurations with §S/dg # 0 and similarly to (13.20) prove that one-loop
effective action is independent of the choice of the gauge-fixing matrix cy .

13.3 BRST symmetry of the Faddeev-Popov path integral

Great advantage of the Feynman-DeWitt-Faddeev-Popov path integral is that its quantum integration
measure, which follows from gauge fixing procedure, has a representation in terms of additional ghost integration
variables whose Lagrangian is local and manifestly covariant in spacetime. Renormalization of ultraviolet
divergences by local counterterms critically depends on local nature of all fields — both physical and unphysical.
This statement is a part of Bogolyubov-Parasyuk-Hepp-Zimmerman (BPHZ) theory, which goes beyond this
course and will be considered later. Without the ghost fields representation of the quantum measure application
of BPHZ theory in gauge-invariant models would be impossible. Therefore, even though particles of ghost fields
do not appear in physical states of scattering amplitudes, which was the reason why we included the sources in
(13.1) only for gauge fields g%, the studies of the ultraviolet renormalization of gauge models requires to treat
gauge and ghost fields on equal footing. It turns out that this treatment reveals another symmetry which plays
a cruical role for renormalization of gauge theories. This is the Becchi-Rouet-Stora-Tyutin symmetry which
we will study now and derive the Ward-Slavnov-Taylor identities for the generating functional and Zinn-Justin
equation for effective action underlying this renormalization. We restrict ourselves in this course with the class of
theories with closed algebra of gauge transformations. Extension beyond this class to open algebras also exists
in the canonical framework, known as Batalin-Fradkin-Vilkovisky (BFV) formalism, and in the Lagrangian
framework known as Batalin-Vilkovisky (BV) theory.
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We begin by repeating that the action of the theory S[g¢] is invariant under local gauge transformations
with the generators R% forming the linear infinite-dimensional representation of the group and satisfying the
Lie algebra (11.46) with structure constants C_ 4

R% = =0, (13.21)

b5~ R Gy = Can B (13.22)

The generators R% are linear local functions of the gauge fields as in all the examples considered above, and
the structure constants of their gauge algebra satisfy a standard Jacobi identity.

o B8 _
57 Ch =05 (13.23)

where square brackets mean total anisymmetrization over three indices inside them. As everywhere above we
assume that gauge fields g® are bosonic, the parameter f® of the gauge transformation Afg is also bosonic, so
that Faddeev-Popov ghosts are Grassmann variables

g =ea=0, e(f*)=ea=0, €C% =¢(Cy)=¢x+1=1. (13.24)

Let us now make in the generating functional (12.19) the transformation opposite to the t’Hooft trick —
represent the gauge breaking term in the form of the Gaussian path integral over the auxiliary field b, which
we will call the Lagrange multiplier for gauge conditions functions

e 2 X casxX” (Deteyg)'/? = /Dbei (bax® = e babs) o8 = ()7 (13.25)

Then, if we extend the full set of quantum fields by this extra boson variable,
' =g°,C*,C — &' = ¢*,0* Cp,bo, €& =0, (13.26)
then the generating functional takes the form of the path integral
W1 = /D@&EWJ“J&Q“, (13.27)
where the new action of boson-fermion set of fields has the form
«a 1 af ~ a pa B
(@] = S[g]+ba(X(9) = 3¢ bs) = Ca (x5 ) C (13.28)
Consider now the following Grassmann parity BRST transformation on the space of fields (13.26) — here

Grassmann means that this transformation by the fermionic BRS operator s,

J

S = (8@1) W’

(13.29)
converts the bosonic variable into some other Grassmann parity variable and vice versa, e(s®) = ¢(®) + 1.1
The BRST transformation of the original gauge field coincides with its gauge transformation in which the gauge
parameter is identified with the ghost field, f* —+ C®, and the full list of transformations s®’ reads

sg* = AYg" = R2 C*, (13.30)
o 1 o :
sC* = 5C55 cPcY, sCy=by, sby=0. (13.31)
This transformation is nilpotent,
s =0, (13.32)

15 Otherwise, it maybe regarded as the transformation of the field §°® = es® with an infinitesimal global anti-commuting parameter
e. Therefore, the BRST transformation is not local, but rather global transformation with a Grassmann parameter constant in
spacetime.
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as can be seen by applying again the action of s and using the Leibnitz rule. For example, acting by s on
(13.29) one has

s%g% = (sgb) (?Zs‘ C* + R%(sC?), (13.33)

which vanishes in virtue of (13.22). Similarly, s2C® = 0 in virtue of the Jacobi identity (13.23) and so on.
In terms of this BRST operator the full action (13.28) can be rewritten as

L[®] = S[g]+s¥[P], (13.34)

where U[®] is the so-called gauge fermion — Grassmann parity object, e(¥) = 1, containing all gauge-fixing
information, that is the gauge conditions y%(g) = x%¢® and gauge-fixing matrix c*?,

= 1
V(o] =Ca (X“(g) 5 c? bﬂ)- (13.35)
In this form the full action X[®] is explicitly BRST-invariant under the transformations (13.30)-(13.31)
sX[®] =0, (13.36)

because the first classical term in (13.34) is gauge invariant and the second BRS-exact term is identically
annihilated by the action of the nilpotent operator s for any choice of ¥[®].

13.4 Ward-Slavnov identities

Our next task is to derive the consequences of this BRST-invariance for the generating functional Z =
exp(iW) and for the effective action I" of the theory. These consequences are Ward-Slavnov-Taylor identities
which are special functional differential equations in variational derivatives with respect to the sources and mean
field — the arguments of W and I'. These equations underlie the renormalization properties of gauge theories,
their counterterms and relations between their various Green’s functions. To make their analysis manageable
these equations should be simple enough, that is not higher than of the first order in functional derivatives.
An obvious difficulty with this requirement is that the BRST transformations (13.30)-(13.31) are nonlinear in
fields. For example, the transformation (13.30) of g* is bilinear in g and C, because the generator R? is linear
in the field, and so is the ghost field transformation. This means that relevant terms in these identities canot
be generated by first-order functional derivatives in sources dual to the fields &.

To circumvent this difficulty, let us introduce sources not only for the basic set of quantum fields &', but
also to their BRST-transformations s®’. To begin with, it suffices to introduce the sources J,, &4, €%, y* dual
respectively to g%, C%, C4, b, and the sources 7,, (o for the BRST-transformations of the fields ¢ and C*
belonging to the so-called minimal sector. These sources, of course, have the same statistics as their duals.

Thus we have the full set of the sources,

J = Jm gou ga’ yav Yas Caa €(Ja) = e(ya) = E(Coc) =0, 6(§a) = e(ga) = 6('711) =1, (1337)

in the generating functional
iWIT] — /DQ5 exp i {E[@] + Jog® + €, C% + £Cy + Y¥ba + Ya (89%) + Ca(sC’Q)} . (13.38)

Functional differentiations with respect to these sources will generate the correlators of their duals.

Now, it is easy to see that a long tail of source terms here can be absorbed into the modified BRS-ezact
term of the action by a simple generalization of the BRS-operator and gauge fermion. For this purpose let us
include the sources J,, &, €% into the following extended BRS-operator,

) ) )
s>Q=s—J,— +&— +&"—, =0, 13.39
@ Va < 0Ca ¢ Sy @ ( )
and the sources v, and (, and y® — into the extended gauge fermion
V[P] = ¥[P,7,(,y] =P[P] = Yag” + (O +y*Ca. (13.40)
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Note that this new BRS-operator is also nilpotent as it follows from the Grassmann parity of ghost fields and
anti-commutativety of their derivatives.

Problem 13.4. Prove that Q2 =0

Then, non-classical part of the exponential in the integrand of (13.38) again takes the BRS-exact form with
this new BRS-operator. Indeed, the action of @Q on ¥ easily yields

QU =sU[P]+ Jog" + E,C% + £Co + y*ba + Vo (89%) + Ca(5C?). (13.41)

Thus, finally
et WIJ] :/D@eiz[@ﬂ, (13.42)
X[, T]=5[g]+Q¥[d,T], (13.43)

where the new BRST action is obviously BRS-invariant with respect to the extended BRS-operator depending
on sources

QX[d,T]=0. (13.44)

Then the derivation of Ward identities is straightforward. We have

0—/D¢Qe’2 /D@ (s—J+§5C 5;;,) ei%
( Jé +§ 5 (Sy) e”W+/Dqﬁsei2, (13.45)

where the variables inside the parenthesis do not participate in integration (and therefore can be extracted
from under the sign of integration) and the last term can be transformed via functional integration by parts as
follows,

i _ n_9 0 sl i
/D@se /DQB (s0!) (We /D@ 7 5P (@)) , (13.46)

and either disregarded since it is proportional to §(0) or cancelled by the local measure p[ g |, whose contribution
we were omitting for brevity throughout the above derivation (if included back, D — DPu[g]). Cancellation
takes place due to its transformation (11.53),

sulg] = —ula] | oo + €L = (13.47)

Therefore, equation (13.45) gives a final rather simple form of Ward identities for the generating functional of
connected diagrams

1 ) 0 0 B
—JQEJrgaEJrg W}W[ﬂo. (13.48)

To remember the structure of the differential operator here note that it is built by the following rule. The rule
is the contraction of the sources dual to quantum fields (g%, C%, C,) with the functional derivatives with respect
to the sources dual to the BRST transformations of these fields (sg®,sC®,sC,) — the last one sC,, = b, and
its source is y“.

There is another important equation for W[ 7 ] which follows from the equation of motion for the Lagrange

multiplier b,. It reads

) ; ) 0 )
i3 ap a WI[T] _ 13.4
/D(P b 5. e Xa 7&] c —y +y*le =0, (13.49)
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or

0 )
o~ — W > =0 13.50
X5~ 5| WIT 1+ =0, (13.50)
where we took into account Eqs.(13.28) and (13.38) and generated the linear field dependence of the pre-
exponential factor in the integrand by the first order functional derivatives d/6.J, and 6/6y”. Note that the last
derivation essentially relies on the property that the gauge-fixing conditions are linear in the quantum field and

the gauge-fixing matrix ¢®? is field independent.

13.5 Zinn-Justin equation for the effective action

Ward identities derived above can be reformulated in terms of the effective action I" — the generating func-
tional of one-particle irreducible diagrams or full quantum vertices of the theory. This functional is important
because it actually serves as a generalization of the classical action to the quantum level, it generates the effec-
tive equations of motion for the mean field (¢g®) — the argument of I'[(¢*)] — and its UV divergent part gives
the counterterms which renormalize divergent scattering amplitudes and quantum expectation values.

As was discussed in Lecture 9, effective action follows from the generating functional of connected graphs
by the Legendre transform (10.12) with respect to the sources. In the case of gauge field theory we will assume
that “extra” sources v, and {, do not participate in the Legendre transform W[7,v,{] — I'[{®),~, (] which
only parametrically depends on them,

L@, 7, ¢] = WI[T, 7] = Ti{®), T = (Jar&ar €%,5%). (13.51)

Here the sources J = J[(®),~,(] are expressed as functionals of the mean fields and extra sources from the
equations

1) )
Iy _— — —
() =57 Wl T 5@I>F[<¢>,%g], (13.52)
while the v and (-derivatives of both functionals coincide,
iW[Jw,C]’ = iF[@%%C], (13.53)
oy T=T[(@)7¢] Y
0 1
W T,, = 2 r[(@),~,¢]. 13.54
¢ 177 d‘ﬁj[(@mc] 8¢ L@)7¢] (13.54)

Problem 13.5. Prove that Eqs.(13.53)-(13.54) follow from (13.51)-(13.52) ‘

Let us now use the relations (13.52)-(13.54) in Ward identities (13.48) and b-equations of motion (13.50). For
brevity from now on we will discard the averaging symbol in the notation for mean fields, (®) — @, (g*) — g%,
etc. Then we get for I' = I'[ g, C, C, b,~, (] the following two equations

or oI 6I' oI or

e B ~e-c <O} (13.55)
Xoe — by — ;Tl; =0. (13.56)

Integration of the second of these equations immediately gives
I'=T+by(x" lcaﬁbg ), (13.57)

2
where I' = I'[ g, C, C,~,(] is independent of the Lagrange multiplier by, reduced action
or

oA _y 13.
5 =0 (13.58)
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Equation (13.57) actually implies disentangling from the full effective action the gauge breaking part written in
terms of the gauge conditions functions x® and their Lagrange multiplier b, (cf. this part of Eq.(13.28)).
Then, substitution of (13.57) into (13.55) shows that it splits into two equations for I'. One of them,

N A &

el 13.59
Xa 6’}/(1 + 6Ca ) ( )

shows that I" depends on the mean ghost field C,, in a special combination 4, = v, — C,, X& with extra source
Fy(l.)

[=179.C.4.¢l, Aa=" —Caxs- (13.60)
Another equation finally leads to the long-sought Zinn-Justin equation for reduced action in the minimal sector
o7 OF | oF oF
09a 09 0Cq 6C*

=0. (13.61)

Problem 13.6. Check the derivation of (13.59)-(13.61) from (13.55). Derive from (13.28) the expression for the tree-level
(“classical” or prior to functional integration) reduced action I' by subtracting the gauge fixing part and adding the source terms
for the BRST transformations of g% and C'¢.

This equation is very important in renormalization theory of gauge models because it allows one to establish
the BRST structure of UV counterterms and renormalized action of the theory. As one can see either from Eqs.
(13.27) and (13.34) or from Eqs.(13.42) and (13.43), the BRST structure of the action in the path integral is
rather universal. It is the sum of the classical gauge-invariant action S[g] — the functional of the single original
field — and the BRST exact term in the form of the nilpotent BRST-operator acting on the gauge fermion which
is the object containing all gauge-fixing information.

However, actual calculation of the path integral leads to UV divergences which can be cancelled by local
counterterms. This is guaranteed by the BPHZ theory, but these counterterms are some general local functionals
of all fields — original gauge fields g, ghosts C, C', and the Lagrange multipliers b, and a priori there is no guarantee
that these counterterms will have have the same BRST structure. If not, then this structure gets broken, BRST
symmetry violated together with the original gauge invariance. The theory becomes inconsistent, because
the physical results for gauge-invariant observables start depending on arbitrary element of the calculational
procedure — choice of gauge conditions and gauge-fixing matrix. The corner stone of the original construction
— gauge independence of the path integral and on-shell scattering amplitudes — gets lost.

Fortunately, it turns out that Ward identities of the above type and Zinn-Justin equation for effective
action confirm the preservation of the BRST structure also for renormalized theory. Physically meaningful
and gauge invariant counterterms — local functionals of the original gauge field — renormalize the classical
action S[g] in Eqs.(13.42)-(13.43), other ghost-field dependent counterterms renormalize the gauge fermion
but leave the structure of BRST-exact term intact. All this can be perturbatively attained in the form of
the loop expansion in powers of /i along with a special (generally nonlinear) renormalization of all quantum
fields @. This renormalization (or infinite reparametrization) converts the renormalized integrand of the path
integral to the BRST form of the above type. This can be done iteratively, loop by loop, within semiclassical
expansion in A by finding the so-called cohomologies of the nilpotent BRST-operator. The cohomology method
coming from pure math on supermanifolds — configuration spaces of boson-fermion variables — serves as an
efficient tool of perturbative solution of Ward and Zinn-Justin equations for the UV divergent part of effective
action. Modern and sufficiently self-contained presentation of this renormalization theory can be found in [4. O.
Barvinsky, D. Blas, M. Herrero-Valea, S. M. Sibiryakov, C. F. Steinwachs, Renormalization of gauge theories
in the background-field approach, JHEP 07 (2018) 035, arXiv:1705.08480.].

The above method of BRST-symmetry and Ward identities has led us to the structures which actually
go beyond the class of gauge theories restricted by several simplicity assumptions — the closure of the gauge
algebra of generators, their linearity in gauge fields and their linear independence (irreducibility), etc. These
assumptions can be removed within BFV and BV framework mentioned above — the formalism based on the
introduction of anti-bracket acting on the space of fields and anti-fields. This formalism allows to go beyond
the main limitation of the Faddeev-Popov method — its restriction to closed generator algebras. Open algebras,
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in addition to the linear combinations of generators in the right-hand side of (11.46) with no longer constant
structure functions, also have the terms proportional to the classical extremal §5/dg®. For these algebras the
path integral becomes more complicated than the Faddeev-Popov one. The total action becomes of higher power
than two in ghost fields, and the BV technique (or BFV technique within Hamiltonian formalism) suggests a
systematic way to find the coefficients of this ghost polynomial — the higher-order structure functions of the
gauge algebra.

Interestingly, the anti-bracket structure of the BV method actually appears already in the Zinn-Justin
equation with extra sources 7, and ¢, for BRST-transformations of gauge and ghost fields. Therefore we finish
this lecture course by a very brief comment about it. This comment looks useful, in particular, because the
equations generalizing the notions of BRST-operator s and gauge fermion ¥ to the extended ones @ and ¥ in
(13.39)-(13.40) do not look systematic, while the anti-bracket formalism puts it in an orderly fashion. In this
formalism the configuration space of fields @ is supplemented by the set of anti-fields @} of opposite statistics,
€(@%) = e(®!) + 1, and for any two functions A and B on the space of & and ¢*, the anti-bracket is defined as

5 7 5 9

AB) = A551 56 B~ 455 5ot

B. (13.62)

In fact, this is a modification of the super-Poisson bracket (9.27) in which, however, * is conjugated to @ not in
the canonical sense, but in the sense of Grassmann parity, and the derivatives together with their contractions
are the spacetime rather than the canonical ones,

I K
S 5 / S 5 (13.63)

In the above BRST construction the anti-fields @7 are just the sources for BRST-transformations of the fields
iz
®' = g, C%, Ca, ba, (13.64)
D7 =Ya; Ca» ¥, (13.65)

(the anti-field for the Lagrange multiplier is absent because for theories with closed gauge algebras its BRST
transformation is vanishing sb, = 0). In terms of these notations Eqgs.(13.39)-(13.40) for extended BRST
operator and gauge fermion take a readable form

)

Q=5—(-1)"Tr5g5, ¥=¥0) - (=11 5! (13.66)
I
whereas Zinn-Justin equation becomes after the transition to the minimal sector, I = f[@min,ﬁﬁfnin}, Din =
(ga’Ca>’ gp;‘jnin = (FA)/tMCOé):
(I, I min = 0. (13.67)

This is a famous master equation of BV formalism which reveals the sequence of structure functions of gauge
algebra. These structure functions for closed algebras are exhausted by Rf,, C§ and form the basis for Feynman-
DeWitt-Faddeev-Popov path integral, while in theories with open algebras they extend to higher orders and
become coefficients of higher-order powers of ghost fields in the full action of the theory.
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