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Newtonian theory of gravity

Newtonian equation of gravity

Ve = 4mp, (1)
M . . .
¢=—— — Newtonian potential of a point mass (2)
r
c=G=1
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Einstein's theory of gravity

(M, g) - Riemannian manifold

ds® = g (x)dz"dz” v =1,234 3)

Einstein-Hilbert action :
S ~ / 'o/lg@)] (R@) 2+ Lnaier) = 4)

R
Eg;w — Aguw = 81T . (5)

Ry, —
g(z) - determinant of g.. (),
A - cosmological constant,
R(z) - scalar curvature of space,

R,., - Ricci tensor.
1
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Newtonian limit of Einstein's theory of gravity

Schwarzschild black hole

2 2MN\ 5 dr? ol o .o 5

ds® = <1 T) dt j r (d@ + sin”(6)dy ), (6)
T

where M is the mass of the black hole.

Away from the black hole

r>2M (7)
ds® ~ (1 - LM) dt* — (1 + ﬂ) dr® —r? <d92 + sin2(9)dg02) . (8)
r r
Here
M . . .
o= - — Newtonian potential of a point mass 9)

Einstein's equations are reduced to the Newtonian equation of gravity

Ry, — ggw =811, = Vo=4dmp. (10)

c=G=1
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Newtonian limit of Einstein's theory of gravity (A # 0)

S ~ /d‘*w\/m (R(m) —2A) (11)

Schwarzschild-de Sitter black hole

2 2m A, 2 dr® 2 2 .2 2
ds” = (1 -~ 3" )dt ( “am ér2) T (d@ + sin”(0)dy ) (12)
r 3
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Some of the questions that Einstein's theory of gravity does not answer:

@ why is the Universe homogeneous and isotropic (on a "large” scale) ?;

@ why is the Universe expanding at an accelerated rate (what is "dark energy'?)?;
@ why is the dimension of our space equal to 47

° .
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The minimum set of ideas for solving the mentioned problems:

@ modification of the theory of gravity

@ introduction of additional dimensions
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Quantum field theory in curved space =

S ~ d4fE\/ |g($)| (R(I)—2A +(YR2 + ﬂR’uuR/tu + "/RIUJANR;U/)\H,“‘Lm,atter) (13)

A - cosmological constant,
R(x) - scalar curvature of space,
R, - Ricci tensor,

Ryuvar - Riemann tensor.




f(R) theory

f(R) theory in a space of dimension 4:

s~ [day/g@l 5> (14)
fRR;Lu - % fgp,u + {V;A,vu - g;uzl:]] fR = 07 (15)

O=¢""V.V., fr=df/dR.

Example:

f(R) = aR?>+ R —2A, a, A — constants (Starobinsky A.) (16)
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Equivalent formalism. Einstein frame

By performing a conformal rescaling

gy,u - 6¢/\/§guu ) (17)

we transform to the Einstein frame:

S~ [deVG@] [R- 33 (V,0)(Vuo) + Y ()] )

The Lagrangian containing the Ricci scalar in the form of specific function f(R) is
transformed into the scalar-tensor model that strongly simplifies the subsequent
calculations

Popov A.A. Black holes in semiclassical {(R) ... 0



@ Why is the dimension of our space equal to 47
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Kaluza-Klein model

Mz =R*x S!
) —Aq
/,/// / Guv _Au A, —As
gBCc = —As
v A
Ny —Aa
4 ,/”/ \ A1 —Ay A3 A4 \ -1 \

B,C=1,2,3,4,5, puv=1234

5~ /d%M [R5 —245] ~ /d4x./\g<4)| [Ra— 20 - iFWFW] . (19)

0A, _ 0A,
oxt oxv

F, =

The additional subspace is compact

107%3em < L < 10 *®¥em,

where L is the characteristic scale of the additional subspace
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f(R) theory in a space of dimension D

D—2

s="8— [ x il sih) (20)

D-dimensional space T x M3 x M,,

The theory equations have the form
1
frRE = 3 65 + [VPVa -850 fr =0, (21)

O=g¢*’VaVs, fr=df/dR,

c=h=1. (22)
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Static spherically symmetric 4-dimensional space + n-dimensional sphere

Stress-energy tensor of quantized fields

ds® = h(r)dt® — b(r)dr® — r* (d92 + sin? 9d<p2) — Lo%dQ2. (23)

We assume
I(r) > Lo > lpi, (24)
where [(r) is the characteristic scale of curvature of the four-dimensional part of

space-time
/ " 7 1 |1/3
l(r)—lfvmax{‘};b ,”‘%,U%,’% ,...}, (25)

Stress-energy tensor for quantized fields in a static spacetime when the fields is in
the zero temperature vacuum state defined with respect to the timelike Killing
vector which always exists in a static spacetime

k]

b/
b

B\ _ o (k)B _ K5 2 7/ 12
<TA>fZ<TA >77L04+” (1—|—O<Lo Ji(r) )) (26)
where N is the number of mater fields,
K5 = diag(K@Kz,Kf,Kf,Kg’,...,Kg’). (27)
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Stress-energy tensor of a quantized scalar field

Example for a massless scalar field in spacetime (Popov A., Phys. Rev. D (2001))

ds® = dt* — dr® — Lo® (dp” + sin® 0dx?) (28)

TH=(TT) = T e N
(T8)=(T7) 4m2Lo% ] 8 96 | 7680

o)) (e}
()00 = e (5§~ )+ (5 -

¢
6
s(eaf- D) n(-1)-n(2-7)]} (30)

< g2 n |1 — 27
In = —dz, 31
= [ e (31)

1 {352 ug 79 +( e ¢ l)m 26 —1/4
6

where

and mps is an arbitrary parameter due to the infrared cutoff.
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Semiclassical f(R) theory in a space of dimension D

mP—2
5= ®xVigl ("B f(R)+Ln (32)
Jmp
D-dimensional space 7 x M3 x M,
ds® = h(r)dt®> — b(r)dr® —r* (d6” + sin® 0dp?) — Lo’dQ%. (33)
The theory equations have the form
1 1
faRE — 5 £05 + [VOVa = 850 fr = -5 (14}, (34)
D
fr=df/dR,
c=h=1. (35)
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Semiclassical f(R) gravity.

Static spherically symmetric 4-dimensional space + n-dimensional sphere

ds® = h(r)dt® — b(r)dr® — r* (d6” + sin® 0dy®) — L5dQx, (36)
Nontrivial equations of semiclassical f(R) theory can be written as

’/2]0 +l R”+ _ﬂ+2 R’ f _;'_l _L”+ h'? +]le/ _i f _£:;<Tt>
p JRRETY 2 PRI\ T2n T an? T ane b )72 T BN
n 2\ R 1 R R R W f -1 .

- Z) o - ~ — =~ =——AT1!),
(2h+r> beR+b< on Tane T Tor ) TR 3 mng< t>

R’? 1 [ | 1 R 1 1 g -1
5 IrRRTS [R”+<L——+7> R’} fRR+[ ( ' +——7>+—2} fR—é=7[H <T;>,
D

2h 26 7 br \ 2n 26 7

R'? 1 o2 n—1 —1
fRRR-‘rf[RN-ﬁ-(f—f-l- >R/:|fRR+ﬂ_£: 072<T§>>
mp

b b 2h 26 1 Lo?
where
R(r) 1({ n" N h'? N 'Y 2n N 2 2 L2 (n—1)n
r)y=—|—-—— -t — - = -+ —,
b h ~ 2n2  2nb hr  br 12 r2 Lo?
, o d’f(R)
and the prime denotes the derivative with respect to v, frrr = B
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Some combination of these equations leads to
n-1n+3)\dR) fR)_ 1 5
(- ) U0 IO o (a(m) - 19))
(3K2 — 4K})

= mé+71,L04+n : (37)

From this equation follows
R = Ry = const. (38)

This significantly simplifies the solution of the equations under study.




General solution

ds® = h(r)dt® — b(r)dr® — r* (d6” + sin® 0dp?) — L3dQ7, (39)
_ 1 2M _ Ag o

h(r) = by (1 " 3 r ) , (40)

where .

2 Ki

f(Ro) — 27-541?4:-;17
Ay = Mo 20 (a1)
2fr(Ro)

and the values of Ly and Ry are determined from relations

2 Kt
Ry = Mn=1) 2 - WF) (42)
Lo® Jr(Ro) '
2 _KZ
F O ) )
Lo*  2(n—1) fr(Ro) '
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Asymptotically flat 4-dimensional part of space-time

ds® = h(r)dt® — b(r)dr® — r® (d6” + sin® 0dp®) — L5dQ3, (44)
2 K

(o) — a7 AT

Ay = o0 (45)
2fr(Ro) '

1 oM

h(r) = o) (1 - T) ; (46)
2 _n(n—1)

Lo* = =5 (47)

and the value of Ry is determined from the relation

(Kf — Ké’) RLt0/2
0
m?)—!—n n1+n/2(n _ 1)2+n/2 !

fr(Ro) = (48)
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Asymptotically flat 4-dimensional part of space-time

Case f(R)=R+cand n=2

f(R)=R+candn=2

ds* = h(r)dt* —b(r)dr® —r? (d6? + sin® 0dp?) — L (dy* + sin® ¢dy?) , (49)

1 2M
=—=(1- 50
h(r) o) ( . ) , (50)

2
RO L702’ (51)
L me® =/ K} — K2, (52)
- 2K

A=0 = === (53)

me®  (Kf = K3)*?
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Static spherically symmetric 4-dimensional space + n-dimensional sphere

f(R) gravity, (T}) =0

ds® = h(r)dt®> — b(r)dr® — r® (d6” + sin® 0dyp®) — L5dQ2, (54)

Schwarzschild-de Sitter Black Hole

_ 1 _yo2m (n=1) o () 2M A4
h(r) = b(r) ! r 3L2 B (1 r 3 ) ' (55)
_(n+4H(n-1) i _2(n—1)
RO - LO2 ) fR Rery - L02 : (56)
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Reduction to 4 dimensions

Let's consider a 4+n-dimensional space
ds® = g) (x)da"da” + iy (x, y)dy dy®, p,v=1,2,3,4, a,b=1,..,n. (57)

and

Knowledge of the extra space metric allows us to integrate the action

5= mm / FR) \[lg®d e £/1g™]d"y, (59)

over the coordinates y if we restrict ourselves to

f(R) ~ f(R2) + fr(Rn)Ra + ... (60)
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Reduction to 4 dimensions

Comparing the action

5 o M [ figilate flg® ity () + fn(Ra R+, (61
with its four - dimensional analogue
2
Sa > mT4/ |g(4)‘d41’ [R4 - 2A4v] ) (62)

we obtain expressions for the Planck mass

1 n n
et = G = (meea)*? / g™y fr(Rn). (63)
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Asymptotically flat 4-dimensional part of space-time

Case f(R)=R+cand n=2

f(R)=R+cand n=2

m42 = m64 / A/ \g<2>|d2y fR(Ro) = 47TL02’I’I’L64. (64)

This allows the solution to be expressed in terms of the four-dimensional Planck
mass

ds® = h(r)dt® — b(r)dr® — r® (d6° + sin® 0dp®) — L§ (dy® + sin® ¢dy®),  (65)

hr) = ﬁ - (1 - @) , (66)
Ro = LiOQ (67)

Lo ma = 1/4n(K! — K?), (68)
c _ 1 2Ky (69)

ma?  An (Ki — K2)2
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Static spherically symmetric 4-dimensional space + n-dimensional sphere

Stress-energy tensor of quantized fields

2 = h(r)dt® — b(r)dr® — 2 (d? + sin® 0dp?) — Lo2dQZ. (70)

We assume
I(r)> Lo >lpy, (71)
where [(7) is the characteristic scale of curvature of the four-dimensional part of space-time

b/ b/l h///

l(?“)f1 ~ max{ W s hl/ v .. } , (72)

Stress-energy tensor for quantized fields in a static spacetime when the fields is in the zero
temperature vacuum state defined with respect to the timelike Killing vector which always
exists in a static spacetime

(1) = XN: <(7k“,)f )= Lzﬁn <1 + T;:Ff;j\%ﬂ + O<L04/l(r)4)> . ()
k=1

where N is the number of mater fields,

K =diag (K}, K, KI, K} K3, K3),

Pf:diag<P;,P:,Pg,Pg,Pg’,...,Pg). (74)
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Variation of 4-dimentional Planck mass. Example: f(R) = R+ ¢,n = 2.

ds® = h(r)dt®> — b(r)dr® — r® (d6° + sin® 0dp?) — L(r)>dQ3. (75)

h(r) = 1— ¥ £ Oh(r), b(r) = —

1- 2=
r

+6b(r), L(r)=Lo+dL(r) =

The only non-trivial equation

B\ _ 1 3.t go5v1/4d(6L) M(Pr +2Pf) _
Vs <T’" >_ (Ki — KB) (2m6 (Ky = K3 =4, (1 —2M/r)? =0

of the system V (TF) =0 gives for r > 2M

(Pr4+2pP8)  2M
12(K}! — K2)1/* mgdr3

SL(r) ~ — (76)

1 2
mi? = & = m! / ayy[19®] = x (Lo + 5L(r)) ms*

~ dmme’\J K} — K? 72%<P§+2PZ>2Y—1;/I. (77)
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3akaro4eHune

© YdyeT nonsipnsauuy BakyymMa KBaHTOBaHHbIX Moseli NPUHLUNNANBHO MEHSET
CTaTUHeCKne CPEPUHECKN CUMMETPUYHBIE B HETLIPEXMEPHO HYacTu

npoctpaHcTea pewenusi f(R) Teopumn rpaBuTaumm ¢ LONONHNTENBHO
n-mepHoli cepoii.

@ MuoromepHas (D = 4 + n) nonyknaccuueckasi f(R) Teopus rpaeutanun
[OMycKaeT 3MHLWTEeiHOBCKIIA (m, COOTBETCTBEHHO, HbIOTOHOBCKVIﬁ) npegen.
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