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1. Mpwu BbIYMCNEHNSIX B HeabeneBbIX KaMOPOBOYHBLIX TEOPUSX HEODXOZUMO
y4nUTbIBaTH LBETOBblE akTopbl AnarpamMm Peiiimana. Boipaxenus ans
LBETOBbLIX (PaKTOPOB 3aBMCAT OT BbibOpa KasMbpoBoYHOI rpynnbl. Tak,
ans kanubposounbix rpynn SU(N) usetosble dakTopbl 3aBucsat ot N. Kak
66110 3amedeHo 'T XodToM ¢ [G. 't Hooft, A planar diagram theory for strong
interactions, Nucl.Phys. B72 (1974) 46] ctpyktypa SU(N) kannbposo4Hoii
Teopun B npegene N — oo MMeeT psif 3aMedaTesbHbIX CBOWCTB, a UMEHHO,
Npy BbIYUCAEHUN aMMAUTYA BbDKMBAKOT TOJIbKO MaHapHble AMarpaMMbl
®eiiHmaHa. ITO NPUBESO K MAEe METOAA BbIYUCAEHWIA, KOTOPbIN
Ha3blBaeTCs ﬁ Pa3NOXEHNEM. DTOT METOZL OKa3afCs BECbMA
NI0LOTBOPHBIM He Tosibko B KTT1, HO v npu uccnegosaHun mMogeneii crar.
hun3uKn, MaTpUYHLIX Mogenei u T.4.

CywecTBytoT aprymeHTbl (CM., Hanpumep, [A. Strominger, The Inverse
Dimensional Expansion in Quantum Gravity, Phys.Rev.D24 (1981) 3082]),
yKa3blBaloLLMe Ha TO, 4TO Teopusi (KBAHTOBOIA) rpaBMUTaLMK ynpoLLaeTcs

npu BonblMX pa3mepHOCTsiX D mpocTpaHCTBa-BpeMeHN.



2. CnoxHble TEOPETUKO-TPyNnoBble (hakTOPbl BOSHUKAIOT MpU BbIHUCAEHUSX B
BLICLUMX NOpsiikax Teopuu Bo3mylueHnii (TB) B Heabenesbix KanubpoBoUHbIX
MOAENsX C KanubposoyHoii rpynnoii G. ITu hakTopbl BbIPaXatoTCsi B BUAE
MHBapUaHTHbIX CBEPTOK CIEA0B

dalaZ...ak = Tr(Tal T32 te Tak) 5

rae T, = T(X,) — npeacraneHns obpasytowmx Xa|a:1, dimG anrebpbl Jln
rpynnsl G; T — doyHaamenTansHble (1 cnnHophble ans G = SO(N))

npeacTaeienuns aas noseli matepum u T = ad gnst BEKTOPHBIX KaanMbpOBOYHbIX
noneii.

Mpobnema: kak HaliTU MUHUMaNbHBIA HAOOP TaKNX MHBAPWAHTOB A/ BCEX MPYMM

G, Hepe3 KOTOpPbI€ Bblpa>XaJ1nCb 6bl BCE LIBETOBbIE CbaKTopr BO BCEX nopsAnKax
TB.



3. Mol uccnegyem BO3MOXHOCTb YHUDULMPOBAHHOMO OMMCAHUS ANst
LBeTOBbIX hakTOpoB BCex Anarpamm PeliHMaHa ONpefeneHHoro Kiacca B
Heabenesbix KT gns Bcex npocTeix kannbposouHsix rpynn G. Haw nogxog
OCHOBbLIBAETCS HA YHUBEPCANILHOM OMUCaHMM BCEX MPOCTbIX anrebp Jlu,
KOTOpbIii Bbin npeanoxer [1.Boxenem [P. Vogel, The universal Lie algebra,
preprint (1999)].

OTmMeTUM, 4TO yHUBEpPCaNbHOE ONMCaHUe LBETOBbIX (haKTOPOB, KOTOPOE
Mbl MpeaJsiaraeM, MOXET OKa3aTbCsl MOJIE3HLIM 451 (DOPMYIMPOBKM
aHasiora pasnoxenusi 1/N B cnyvae UCKIOHUTENBHBIX KaNOPOBOYHBIX
rpynn GQ, F4, Eﬁ, E7, Eg.



1. Amazing fact: it was noticed in [P.Vogel (1999)] (see also [P.Deligne (1996),
J.M.Landsberg and L.Manivel (2002),...]) that, for first r = 2,3, 4 the representation
ad®" of any simple Lie algebra g (of Lie group G) can be decomposed

r A
ad® =@ TV, (1)
such that decomposition (1) is universal for all simple Lie algebras

g = SUpy1, $02p+1, SPop, $02n, G2, f47 €6, €7, €8 .

Here c, are parameters which numerate subreps TC(//\\) in ad®”; they are
expressed in terms of values of quadratic Casimir operators.

2. Moreover, there are remarkable universal formulas for dim(Tc(li\)) for

all simple LAs g. Formulas for dim(Tc(//\\)) are represented as rational and
homogeneous symmetric functions of 3 real parameters (o, 53, 7)
called Vogel parameters, and all simple Lie algebras g are special points
in the space of («, 3,7).



Example: ad®? (r = 2). For all simple LAs (with rank > 1) we have
decomposition

ad®? = (ad +X2) + (L +Y(a) + Y(B) + Y(7)) -

Reps in the r.h.s. depend on 3 parameters (o, 3,7), e.g. formulas for dimensions
of these reps are homogeneous rational functions in («, 3,7) (symmetry in

(v, B,7) is permutation of Y(a),Y(5),Y(7)).

First we have famous P.Deligne formula:

dimg = dim(ad) = (47200 —20(=20) _ (a-1)(

Also we have

dim(X,) = %dimg (dimg—3) =

For dim(Y(«)), ... we have similar formulas.



Since all dim(T,, ) are homogeneous symmetric functions of Vogel parameters

(a, B,7), it is possible to fix one of them, e.g. & = —2. For this choice the sum
t := o+ B + v coincides with dual Coxeter number h".

Type | Lie algebra | « B ~ t=h"=a+8+7y | 4=2%
An sl(n+1) -2 2 n+1 n+1 1/2
B, | so(2n+1) | -2 4 2n—3 2n—1 %
Cn sp(2n) -2 1 n+2 n+1 %

—
Table 1| Dn so(2n) -2 4 2n—4 2n —2 h
G 0 —2 [ 10/3 | 8/3 7 1/3
Fy fa -2 5 6 9 1/3
Eo P 2| 6 8 2 /3
E; e7 -2 8 12 18 1/3
Es es S 12 20 30 1/3

Note that, for all exceptional Lie algebras we have 2t =3y — 4 =1/3.

One can consider all simple Lie algebras as points on the 2d plane P(,—_o) in 3d

space of the Vogel parameters (v, 3, ). More precisely they are points in RP?/S3
(the Vogel map).



20 Eg (12,20)
Cn = sp(2n)
(v+4)=28
Vogel map
(1999) 3 (019
a=—2 R.Mkrtchyan, P.Cvitanovi¢
12 so(2n) = sp(—2n) <
(@, B.7) = —2(8, 2, 7)
Other points on Vogel map
8

e.g. dimEH% =190

4 > O s
G,
%(10,8?// A As Ap = sb(n+1)
> /PR N (B <)
>
By =G (B« ) 8




Some achievements in the universal description of simple LA & LG.
1.) The generating function of universal eigenvalues Ca(g) of the higher Casimir

operators in the ad-representation of g [R.Mkrtchyan, A.Sergeev and A.Veselov (2012)]

k _ 1 1 dim Y(«) dim Y(3) dim Y (~)
( ) = Ek -0 ad )z = dim(g) (m"‘ a + 1+ + 1+%7)+

+§ dim(g) + 1i§ — % )

2.) Formula for volumes of compact simple Lie groups G [R.Mkrtchyan, A.Veselov]

Vol(G) = (23/2r)dims = (i)

where ®(a, 8,7) = [, dz f and

shf(a —2t) shZ(B8 — 2t) shi(y — 2t)

F =
(2) shiash?pshiy

—dimg. (2)

Here the first term in rhs is the deformation of the universal formula for

dimg = % (it is clear that F(z)|,—0 = 0).



Let X, |a=1,...dimg € Te(G) be basis elements of Lie algebra (LA) g:
[Xs, Xp] = C Xa , (3)

C4 — are structure constants. Matrices ad(X,)¢ = C¢, define the adjoint
representation of g. The invariant Cartan-Killing metric is

g = Tr(ad(X,) - ad(Xp)) = C2 C5, . (4)

For simple Lie algebras, the metric g, is invertible: g., g”¢ = <, and for
compact Lie algebras g, one can chose the basis: g., = —d,p.

The main object is split (or polarized) Casimir operator of LA g is
C=g?X, @ X,=X® X, € g®g. (5)

The operator Cis independent of the choice of the basis X, in g and commutes
with the action of G:

(UsU)C=C(UaU), YUEG.



Split Casimir operator c appears in many applications: in the RT, in the theory of
integrable systems, as colour factors in the nonabelian gauge theories, ...
1.) Higher Casimir operators C(*) (for k > 2) are constructed via split operator

C (see e.g. [A.P.l. and V.A. Rubakov, Theory of Groups and Symmetries, (2018)]).
Indeed, define N

(C)k:(X3®Xa)k:Xal"'Xak ® X% ... X%
then we take ad-representation in the second factor and then take trace

€M = Xy -+ X, Tr(ad(X™ - X)) € U(g) .

Lk
2.) Universality follows from the fact that SCO in ad-representation
Cq := (ad ® ad) C satisfies universal (for all simple LA) characteristic identity

-~ ~ ~ ~ ~ N ~

Cad (Cad + 5) : (Cad + 1)(Cad + d)(Cad + 5) : (Cad +A/) =0 ) (6)

where (& + 3 +4) = 1/2. The Vogel parameters &, 3,4 are eigenvalues of Cod
and their values for simple LA are given in Table 1. The last factor in (6) can be
excluded for exceptional LA. R

By using characteristic identity (6) for Coq we construct projectors P, on the
eigen-subspaces in ad ® ad with eigenvalues a = 0, —%, 1,4, B,f“y.



Let T and T be two representations of g. One can visualize split Casimir operator
in the representation T ® T:

(TE @ THC = g TE(X:) TH(Xe) = &% (T.)5 (Tw)4 . (7)

where o, 5 =1,...,dimT and A, B =1, ...,dim?:

(T.)3 g (T)a = g

Colour factor for the Feynman diagram describing scattering of two particles in
the reps T and T by exchange of the vector gauge field A € g.

Y eV bo
3F
=

AN AN )
ai“ Jéi

Az~

>~ \ajax __ ER a _hf __
(Cad)blb2 = Chbl Cszg =



Universal formulas for ladder diagrams in gluedynamics

By using characteristic identities for SCO C,4 we construct projectors P, on the
eigen-subspaces in ad ® ad with eigenvalue a.

Planar diagrams

a by
as m K\ by

(@) = (= 3)" Py H1) P H(-2) P o H(-D)P_s 4(-2) P
T ( (C ") = " dim Vv 1+ (= 1)t dim Vo1 +

+(=a&)t dim V_4 + (—BA) dim V—fﬁ +(=A)LdimV_ s ~d, , d¥a
where dim V, = Tr P,.
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VhusepcanbHbili ananor 1/N paznoxenus

Bce yHusepcanbHbie hopmynbi Ansi LBeTOBbIX hakTOpOB ﬂBJ‘ISIIOTCﬂ yHKUMAMY
OT Tpex napameTpos &, 3,4. B cuny ycnosus & 4+ B+ 4 = L, a1 doynkumm
XapaKTepu3yeTcst TONbKO ABYMs U3 TPeX napameTpos, B Ka'-IECTBe KOTOPbIX
Bbibepem & n B Janee Bmecto & u B BbIbEpEM MX KOMDUHALMM X 1 S Takue, YTO
x—=0(~1/N)ns —const npu N — oo ans rpynn SU(N) n SO(N).

Hanpumep,
X = \/—073 R _
’ &= —xs 1,
B <~ a
s=4]-L B = xs.
&

Ons anrebp J/lu sly, soy, g2, 4, ¢6, ¢7, ¢g, cornacHo Tabauue 1, Mbl umeem

2ot 2 5 5 1 2 1
N2 (N—1)2' 48°162° 48" 162’ 150’

=1, 2, 3, 53, 4, 6 COOTBETCTBEHHO. 3aMETUM, YTO NapaMeTP X MeHblle
eanHuUbl ans Beex nckitodnTensHoix AJl. Pasnaras ueetoBble hakTopbl B psig
no creneHsiM x, Mbl bygem noayyats ananor 1/N paznoxenus cpasy ans Bcex
npoctbix AJl.
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