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Motivation

Similarities Differences

YM

∇aφ = (∂a − ieAa)φ,

where φ ∼= φα,Aa
∼= Aaα

β ,

Fab = ∂aAb − ∂bAa − ie [Aa,Ab] .

DoFs in Aa,

SYM = −1

4

∫
ddx

√
g tr

(
FabF

ab
)
.

EG

∇av
b = ∂av

b + Γac
bvc,

Rabc
d = ∂aΓbc

d − ∂bΓac
d

+ Γah
dΓbc

h − Γbh
dΓac

h.

DoFs not in Γac
b, but in gab,

SHE =
M2

P

2

∫
ddx

√
g R.

The Levi-Civita connection is defined by the torsion-free and covariant
constancy of metric conditions:
Tab

c = 0, ∇agbc = 0 ⇒ Γac
b = 1

2g
bd (∂agcd + ∂cgad − ∂dgac) .

If we want to make the two theories even more similar, we should treat
the connection ∇a and the metric gab as two independent variables, i.e.
∇agbc ̸= 0. This approach is well and long known — metric-affine gravity
(MAG).
But we are now interested in a simpler case: how to construct a
“metric-affine-like” generalization of YM? Who is the “partner” of the
potential Aa in this case?
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Who is the “partner” of the potential Aa?

Hermitian form

For definiteness, we will consider U(n) throughout. Then the stucture in fibers
is the form gαβ′ , which is:

Hermitian ḡαβ′ = gαβ′ (analogous to the symmetry of the metric),

non-degenerate gαβ′gββ
′
= δβα It allows us to raise and lower indices, with

primed ones becoming unprimed and vice versa, e.g., φ̄α = gαβ′ φ̄β′
.

[Primed and unprimed color indexes are the direct analogue of undotted and
dotted indices in Weyl 2-spinors.]

An example—a charged scalar

|φ|2 = gαβ′φαφ̄β′
,

Lφ = −1

2
gαβ′gab∇aφ

α∇bφ̄
β′

− P
(
|φ|2

)
,

where P
(
|φ|2

)
is a self-interaction potential.
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Connection

Definition of potentials and curvatures

Let us define Aa[∇̃ − ∇] ∼= Aaα
β and Fab[∇] ∼= Fabα

β as

(∇̃a −∇a)ψ
α = Aaβ

αψβ , [∇a,∇b]ψ
α = Fabβ

α[∇]ψβ .

Curvatures transformations and Bianchi identities:

Fab[∇̃]−Fab[∇] = ∇aAb −∇bAa + [Aa,Ab], ∇[aFbc] = 0.

Important! Except the anti-symmetry in the first pair of indices and the Bianchi
identities, no additional conditions are imposed on Fab[∇]. It is not an anti-Hermitian
(there is no such a concept without gαβ′ !), but an arbitrary complex matrix.

GL(n,C) gauge symmetry

Let u ∼= uβα and U ∼= Uβ
α be two arbitrary (not unitary!) mutually inverse matrices:

uU = Uu = 1. Then

H
β1...βq
α1...αp 7→ H̃

β1...βq
α1...αp = Uβ1

γ1
· · ·Uβq

γq H
γ1...γq

δ1...δp
uδ1α1

· · ·uδpαp ,

Aa[∇̃ − ∇] = U∇au

is a symmetry of of any action.
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Hermitian form gαβ′ and YM-deviation vector Na

The connection ∇a is real in the following sense:

∇aφα = ∇aφ̄
α′

⇒ (∇̃a −∇a)φ̄
α′

= Āaβ′α
′
φ̄β′

.

Hermitian conjugation

M† ∼= M̄β
α = gαα′gββ

′
M̄α′

β′ .

Split into Hermitian and anti-Hermitian parts:

Aa = Ba − iAa, Ba = HrmAa =
1

2
(Aa +A†

a), Aa = aHrmAa =
i

2
(Aa −A†

a),

Fab = Gab − iFab, Gab = HrmFab =
1

2
(Fab + F†

ab), Fab = aHrmFab =
i

2
(Fab −F†

ab).

Definition of YM-deviation vector

Na
∼= Na

β
α = −

1

2
gββ

′
∇agαβ′ .

This is a Hermitian vector—the analogue of non-metricity in MAG.
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Consequences of Na ̸= 0

Noncommutativity of Hermitian conjugation and derivative

∇a

(
M†

)
= (∇M)† + 2

[
Na,M

†
]
.

The key relation
The Hermitian part of the curvature of Gab is completely expressed in terms of the
YM-deviation vector Na:

Gab = ∇aNb −∇bNa − 2 [Na,Nb] .

Proof: [∇a,∇b]gαβ′ = −Fab
γ
αgγβ′ − F̄ab

γ′

β′gαγ′ = −2Gabαβ′ = −2(∇aNbαβ′ −∇bNaαβ′ ).

Hermitian form transformations
Let us define

ω ∼= ωβ
α = g̃αβ′gββ

′
, Ω ∼= Ωβ

α = gαβ′ g̃ββ
′
, g̃αβ′ = ωβ

αgββ′ .

It is easy to show that these matrices are Hermitian and mutually inverse

ω† = ω, Ω† = Ω, ωΩ = Ωω = 1.

W. Wachowski (LPI) mal-YM February 20, 2025 6 / 12



Different transformations of fields

Transformations of Na

Na[∇̃, g̃] = ΩNa[∇, g]ω −
1

2
Ω∇aω +

1

2

(
Aa + ΩA†

aω
)
,

δgNa = −
1

2
∇ah + [Na,h], δBNa = Ba, δANa = 0.

Transformations of Fab and Gab with Hermitian form

Fab[∇] does not depend on gαβ′ at all, F†
ab[∇, g̃] = ΩF†

ab[∇, g]ω.

Transformations of Fab and Gab with connection

Gab[∇̃] − Gab[∇] = Ďab + iǨab − K̂ab − Cab,

Fab[∇̃] − Fab[∇] = D̂ab + iK̂ab + Ǩab + Čab − Ĉab.

Where we introduce auxiliary quantities:

Ďab = ∇aBb − ∇bBa, Ǩab = i[Na,Bb] − i[Nb,Ba],

D̂ab = ∇aAb − ∇bAa, K̂ab = i[Na,Ab] − i[Nb,Aa],

Čab = i[Ba,Bb], Ĉab = i[Aa,Ab], Cab = i[Aa,Bb] − i[Ab,Ba].
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GL(n,C) → U(n) spontaneous symmetry breaking

Gauge transformations of the Hermitian form
GL(n,C) gauge transformations, generally speaking, change the Hermitian form:

gαα′ 7→ g̃αα′ = uβαū
β′

α′gββ′ ⇒ ω = u†u, Ω = UU†.

Hence, gαβ′ does not change if the transformations are unitary U = u†.

Infinitesimal transformations u = 1+ ϵ, ω = 1+ h:

ϵ = β − iα, β = Hrm ϵ, α = aHrm ϵ ⇒ h = 2β.

Aa = ∇aα− [Na,α] + i[Na,β], Ba = ∇aβ − [Na,β]− i[Na,α].

In this case, all matrices are transformed simply by similarity transformations:

δNa = [Na, ϵ], δFab = [Fab, ϵ], δGab = [Gab, ϵ].

Note that if Na ̸= 0 or Gab ̸= 0 they cannot be removed by gauge transformations.

So gαβ′ is a “Higgs field”, breaking GL(n,C) to U(n). And h is a “Goldstone boson” (and
also a compensator or Stückelberg field for Ba).
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Field sources and Noether identities

Field sources:

Λa = − δS

δBa
, Ja =

δS

δAa
, E = −2

δS

δh
.

Charged scalar

Lφ = −
1

2
gαβ′∇aφ

α∇aφ̄β′
− P

(
|φ|2

)
⇒ E ∼= Eβ

α = gαβ′∇aφ
β∇aφ̄β′

+ 2P ′φ̄αφ
β ,

Ja
∼= Jaα

β =
i

2
gαβ′

(
φβ∇aφ̄

β′
− φ̄β′

∇aφ
β
)
, Λa

∼= Λaα
β =

1

2
gαβ′∇a(φ̄

β′
φβ).

Noether identities (pure mal-YM without matter):

If the theory has a gauge symmetry, the sources are not independent, but are
related by Noether identities.

∇aJ
a − [Na,J

a] + i[Na,Λ
a] = 0,

∇aΛ
a − [Na,Λ

a]− i[Na,J
a] = E.
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The action and EoMs

The action

LmalYM =
1

e2
LF 2 +

1

ẽ2
LG2 +

M2

ẽ2
LN2 ,

LF 2 = −1

4
tr
(
FabF

ab
)
, LG2 = −1

4
tr
(
GabG

ab
)
, LN2 = −1

2
tr
(
NaN

a
)
.

[Of course, other terms can be introduced into the action (for example,
tr(FabG

ab), tr(Fab[N
a,N b], etc.).]

EoMs for background fields

∇bFab − [N b,Fab]− i
e2

ẽ2
[N b,Gab] = e2Jext

a ,

∇bGab − [N b,Gab] + i
ẽ2

e2
[N b,Fab] +M2Na = −ẽ2Λext

a ,

M2∇aN
a + i[Gab,F

ab] = −ẽ2Eext.
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Linearized equations and h = 0 gauge

For small perturbations:

On a trivial background Na = 0, Gab = Fab = 0 (here □ = −gab∇a∇b):

(δba□+∇b∇a)Ab = 0,

(δba□+∇b∇a)Bb +M2(Ba −
1

2
∇ah) = 0,

□h+ 2∇aB
a = 0.

h = 0 gauge
We can always use spontaneously broken gauge symmetry to completely eliminate
Goldstone bosons by redefining Ba 7→ Ba −∇ah/M . This leads to the equations:

(δba□+∇b∇a)Ab = 0, (δba(□+M2) +∇b∇a)Bb = 0,

i.e. to the massless field Aa + the massive Proca field Ba.
[But in this gauge we have a problem with the non-decreasing propagator

Gb
a(k) =

1

k2 +M2

(
δba +

kakb

M2

)
.]
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Summary of main claims and results

In the standard Yang-Mills theory, it is always implicitly assumed that
the structure in the fibers is covariantly constant ∇agαβ′ = 0.

Accordingly, the “metric-affine-like” generalization of YM consists in
dropping this condition ∇agαβ′ ̸= 0. Then the connection ∇a and the
Hermitian form gαβ′ act as two independent variables.

Any geometrically defined theory always has a general GL(n,C) gauge
symmetry. The Hermitian form gαβ′ plays the role of a “Higgs field”,
spontaneously breaking this symmetry to U(n).

If the connection respects the structure in fibers, the potential and the
curvature take values in the corresponding Lie algebra. In our case this is
not so, then along with the usual Yang-Mills fields Aa and Fab, they have
new Hermitian parts Ba and Gab.

The fields Aa and Ba interact non-trivially. The field Aa is massless, and
the field Ba can be given a mass M . The limit M → ∞ restores the usual
YM.
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