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Motivation

Similarities Differences
Vap = (0, —ieAq)p DoFsin A,
YM | where ¢ = ¢*, A, = A,,°, 1 / y b
Sym=—- [ d°z/gtr (F,F*).
Fup = 00 Ay = O Aq — ic [A, As]. Wy Vg (FuF)

EG

Voo? = 040" + Lpelo®
Rabc = aarbc - ab]-—‘acd
+ Fahdrbch — thdrach~

DoF's not in I‘acb, but in gup,

M2
SHE = Tp/ddz\/gﬁ’.

@ The Levi-Civita connection is defined by the torsion-free and covariant
constancy of metric conditions:

Tap® =0,

Vagbc =0

= Facb = Lg% (aagcd + a:gad

- 8dgac) .

o If we want to make the two theories even more similar, we should treat
the connection V, and the metric g, as two independent variables, i.e.
Vagbe # 0. This approach is well and long known — metric-affine gravity
(MAG).

o But we are now interested in a simpler case: how to construct a
“metric-affine-like” generalization of YM? Who is the “partner” of the
potential A, in this case?
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Who is the “partner” of the potential A,7

Hermitian form

For definiteness, we will consider U(n) throughout. Then the stucture in fibers
is the form g,g/, which is:

o Hermitian g.p = gap’ (analogous to the symmetry of the metric),
e non-degenerate goga gﬁﬁ, = 62 Tt allows us to raise and lower indices, with
primed ones becoming unprimed and vice versa, e.g., @, = gag/gbﬁ/.

[Primed and unprimed color indexes are the direct analogue of undotted and
dotted indices in Weyl 2-spinors.]

An example—a charged scalar

o = gapp®@”,
1 a (e "y
Lo =—59ap9 "V Ve@® — P(|0]?),

where P(|¢[?) is a self-interaction potential.

= = - = = ==
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Connection

Definition of potentials and curvatures
Let us define Aq[V — V] 2 uo® and Fup[V] = Fupo” as

(Va = Va)¥* = dap®¥?,  [Va, Vo™ = Fapp®[VI9P.
Curvatures transformations and Bianchi identities:

Far[V] = Fap[V] = VoA — Ve Aa + [Aa, Apl, V[a]:bc] =0.

Important! Except the anti-symmetry in the first pair of indices and the Bianchi
identities, no additional conditions are imposed on F,;[V]. It is not an anti-Hermitian
(there is no such a concept without g,g/!), but an arbitrary complex matrix.

GL(n,C) gauge symmetry

Let u = uﬁ and U = Ug be two arbitrary (not unitary!) mutually inverse matrices:
uU =Uwu = 1. Then
B1...8 818 B Y1-Yq 8 s
AL e AR = UB B BT gl

AoV = V] =UV,u

is a symmetry of of any action.
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Hermitian form ¢,s and YM-deviation vector IN,

The connection V4 is real in the following sense:

Vap* = VaSBD/ = (%a - va)“ﬁa, = VQZZB’Q,¢B,~

Hermitian conjugation

MT =~ ]\_45 :gaa/gﬁﬁ/]\zg//,

Split into Hermitian and anti-Hermitian parts:

) .
Aa=Bo—iAs, Bu=HmAs=_(As+A),  Au=aHmA, = %(Aa — A,

. 1 )
Fab = Gap — iFgp, Gab:Hrm-Fabzg(-Fab""]:Zb)’ Fab:aHrm-Fabzi(fab_f;b)'

v

Definition of YM-deviation vector

1 ,
N, = Nag = _ggﬁﬁ vaga/i’-

This is a Hermitian vector—the analogue of non-metricity in MAG.
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Consequences of N, # 0

Noncommutativity of Hermitian conjugation and derivative

Vo (M') = (VM) +2 [No, M)

The key relation

The Hermitian part of the curvature of G, is completely expressed in terms of the
YM-deviation vector Ng:

Gab =5 val\rb - Vbl\ra - Q[Nava] .

— !
Proof: [Vuyvb]ga,ﬁ’ = - ab’oyzg'yﬁ’ - gabg/ga'y’ = _2Gaba,3’ = _Q(VGNba,B’ - vbNaaﬂ’)'

v

Hermitian form transformations
Let us define

_ / ~38' -
w = wg = gaﬂ’gﬂﬂ ) Q= Qg = ga/B/gBﬁ ) Gap’ = wﬁgﬁﬂ"

It is easy to show that these matrices are Hermitian and mutually inverse

wT:w, Q‘L:Q, w=Qw=1.
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Different transformations of fields

Transformations of IN,

- 1 1
N.[V,§] = QNL[V, glw — 5nvaw ue E(Aa + QA w),

1
8gNo = —>Vah + [N, h, 65N, = B, 54N, = 0.

Transformations of F,;, and G, with Hermitian form

Fap[V] does not depend on g, 4/ at all, ]:Zb[V7 g) = Q]-'Ib[v, glw.

Transformations of F,;, and G, with connection

Gab[ﬁ] - Gab[v] = Dab aF ikab - Kab - Cab7
Foy[V] — Fay[V] = Doy + iKap + Kap + Cap — Cas.

Where we introduce auxiliary quantities:

Dy, = V4B, — VB, Kop = i[Na, By] — i[Np, Ba],
Doy = VoA, — V3 Ag, Kap = i[Na, Ap] — i[Np, Ad],
Cup = i[Ba, By), Cup = i[A,, Ay, Cap = i[A,, By) — i[Ay, Ba].

4
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GL(n,C) — U(n) spontaneous symmetry breaking

Gauge transformations of the Hermitian form

GL(n,C) gauge transformations, generally speaking, change the Hermitian form:
’
Jaa! — Jaa! = ugﬂg,gﬁﬁ/ = w=ulu, Q=UvU"

Hence, g,/ does not change if the transformations are unitary U = ut.

Infinitesimal transformations u = 1+¢€, w =1+ h:

e=pB—-ia, B=Hrme, a=aHme = h=20.

Ay, =V — [Naya] +7:[Na,,3]7 B, =V.8— [Nazﬁ] - i[Nm 0‘]~

In this case, all matrices are transformed simply by similarity transformations:

5Na = [Na,e], 5Fab == [Fabve]a 6Gab == [Gabve]~

Note that if N, # 0 or Gp # 0 they cannot be removed by gauge transformations.

So gap is a “Higgs field”, breaking GL(n,C) to U(n). And h is a “Goldstone boson” (and
also a compensator or Stiickelberg field for Bg).
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Field sources and Noether identities

Field sources:

po_ 85 g 38 o S

Charged scalar

1 !
Lo =—39apVap™ V97 = P(l¢l?)

/L. ’ ’
Jo = JaozB = Egaﬂ’ (@ﬂvaﬁaﬂ - @ﬂ vaSDB) 5 Ay, = Aaaﬂ

= E~EL=g,5VapP VG +2P Gai?,

1 >
= 5gag/Va(<pﬂ ©P).

Noether identities (pure mal-YM without matter):

If the theory has a gauge symmetry, the sources are not independent, but are

related by Noether identities.

Vod® — [Ng, J% + i[Ng, AY]
VaAa - [NaaAa] - i[NaN]a]

0,
E.
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The action and EoMs

The action

2

1 1
Lmarym = _2£F2 + ~_2£G2 T = Lz,
(& (& e

L2 = —itr (FabFab), Lg2 = —itr (GabGab), L2 = —%tr (NaNa).

[Of course, other terms can be introduced into the action (for example,
tr(F, G, tr(F,[IN?, N, etc.).]

EoMs for background fields

2
VPF,, — [N, F,) — iz—Q[Nb, Gop) = I,

=2
VPG — [N, Gap] + z’Z—Q[N”, Fo) + M2N, = — &A%,
M2V N® +i[Gap, F®] = —6> B,

v
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Linearized equations and h = 0 gauge

For small perturbations:

On a trivial background Ny = 0, Gyp = F,p, = 0 (here 0 = —g%V,V}):
(6800 + VbV,) A, = 0,
(6°0+ V®V,.)By + M?(B,, — %Vah) =0,
Oh + 2V, B* = 0.

h = 0 gauge

We can always use spontaneously broken gauge symmetry to completely eliminate
Goldstone bosons by redefining B, — Bgq — Voh/M. This leads to the equations:

(6804 VPVa)A, =0, (850 + M?)+V°V,)B, =0,

i.e. to the massless field A, + the massive Proca field B,.
[But in this gauge we have a problem with the non-decreasing propagator

1 ko kb
b _ b a
Gk = 5 (88 +=5)1
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Summary of main claims and results

@ In the standard Yang-Mills theory, it is always implicitly assumed that
the structure in the fibers is covariantly constant V,g.g = 0.

@ Accordingly, the “metric-affine-like” generalization of YM consists in
dropping this condition V,g,5 # 0. Then the connection V, and the
Hermitian form g,g act as two independent variables.

o Any geometrically defined theory always has a general GL(n,C) gauge
symmetry. The Hermitian form g,/ plays the role of a “Higgs field”,
spontaneously breaking this symmetry to U(n).

o If the connection respects the structure in fibers, the potential and the
curvature take values in the corresponding Lie algebra. In our case this is
not so, then along with the usual Yang-Mills fields A, and F;, they have
new Hermitian parts B, and Ggp.

o The fields A, and B, interact non-trivially. The field A, is massless, and

the field B, can be given a mass M. The limit M — oo restores the usual
YM.
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