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Introduction

We consider a real relativistic fermion field with spin 1/2, proposed
by Majorana as a model of an elementary particle in 1937.
Although there are still no direct experimental confirmations of its
existence, the Majorana fermion (MF) is still of interest to many
researchers. In condensed matter physics, many models have been
proposed in which MF is used as an effective field to describe
various nontrivial phenomena. In this talk we propose an analysis
of its features, following from the most general basic postulates of
relativistic quantum theory. The possibilities of its inclusion in the
modern Standard Model of the unified strong weak and
electromagnetic interactions are also discussed, as well as its
application to the construction of models in condensed matter
physics.
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Basic assumptions

We assume that the Majorana fermion (x) has 4 components:
Y(x) = {1(x), ..., Ya(x)}, which are real functions of a point x of
the (3+1)-dimensional Minkowski space. In Lorentz
transformations, ¥ (x) is transformed as a spinor, and the Lagrange
function Lg(2)) in free theory is a bosonic, quadratic on (x),
local, real scalar containing derivatives on the coordinates x not
higher than first order.

Thus, the action functional So(%)) in the most general case is
written as

3
/ Lo(v)dx = / Z D) [ D ThBu + M | d(x)dx
kj=1 u=0

0
Here the integration is over the entire Minkowski space, 0, = 5.5

and % ko Mjy are non-dependent on the x coordinates. parameters.
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Formulation of model

In Majorana's proposed representation of gamma matrices
([ 0 o2 [ o1 O
_ 0 o [ o3 O
72_(-02 0 )a’y:’:_’( 0 —U3>7 (2)

where 0 denotes the 2 x 2-matrix with zero elements and o1, o>,
o3 are Pauli matrices

(01 (o0 —i (1 0
=V 107\ 0o )"0 -1)

all matrices (1) and 7® = i7%y142~3 are purely imaginary. We will
be more comfortable with the real ones ¥* = jv*, u =0,1,2, 3,
7% = 7. They satisfy the relations

A" = —2g", (%" =3, ()" =7, j=1,23.
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Formulation of model

We can represent the action functional So(%)) of the free theory as

50(¢) = wM\ea}ﬂ/] + Y Msc).

It should be invariant with respect to Lorentz transformations.
Therefore, 1) M1 is transformed as a vector and 1 M) is
invariant by the Lorentz transformation of the spinor fields .
Since the fields v are fermions, it that it holds: M T = MY, and
MET = — M. It follows from 5 = -7, 77 =« by k = 1,2,3,
(09a) " = J07a) by @ =0,1,2,3, 3°T = —3° that the most
general form of the Lorentz-invariant action functional for the
Majorana field can be written as

(1) = $(7°(3 0 + m(cos() +7°sin(¢))) - (3)
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Stationarity equation

The stationarity equation for the action S(¢) (3) has the form

2 (39 + m(cos(¢) + 7 sin(¢))p = 0. (4)

This is a linear homogeneous equation for the i field. The
condition for its solvability is that the determinant of the matrix of
differential operator L = 5°(3#8,, + m(cos(¢) + 7 sin(¢)) equals
zero: det(L) = (02 + m?)? =0, where 0% = 93 — 0? — 93 — 03.
This means that each component of the spinor ¢ satisfies the
equation

(02 + m*)y = 0. (5)

The rank of the system of equations (4) is two. Therefore, by
solving two of them, we get the total solution.
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stationarity equation

From the first two equations (4) we find two linearly independent
solutions in the form of

Y1 = {(01 — msin(())p1, (mcos(C) — 93)p1, (To + 02)¢1,0}, } (6)
Y2 = {(05 + mcos(())p2, (01 + msin(¢))p2,0, = (0o + 2)p2}. (7)

There in curly brackets are the four components of the spinors 1;
and 1», expressed in terms of the independent real fermionic
functions ¢1(x), p2(x) satisfying equations (5)

Lo1(x) =0, Lpa(x) = 0. Substating 11,1 into (5) we obtain
{0,0, Lp1,0} =0, and also {0,0,0,0, Lps} = 0.
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To describe the state of the ) field, we can use the helicity
operator

727301 — 117302 + 717203

2VA ’

a as well as the projectors Py = 1/2+ ¥ onto a subspace with
positive and negative helicity. Linear combinations
Y+ = axh1 + bi)p of spinors ¢, ¢, at

ay = 9p01 — domsin(¢) — VA(d3 + mcos(()),
by = 8pdpd3 + damcos(C) + VA — msin(C)),
a_ = 0gd1 — damsin(¢) + VA(3 + mcos(C)),
b_ = 9pd3 + Bamcos(C) + VA(msin(¢) — 1)

P

I

are the eigenspinors of the helicity operator: 21+ = i%wi.
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Propagator and currents

A = —9% — 03 — 03 is a positive defined differential operator, and
the spinors 1, Y9, %+, 1_ in coordinate representation and the
helicity operator X are real. Propagator of Majorana field has the
form

(0"3,, + m(cos(¢) +sin(¢)Fs)) ! =
= (0"%, + m(cos(¢) — sin(¢)7s))(93 — 5 + m?)~1

The electric current vector 1)y°~v*4) is zero due to the symmetry of
all matrices v99* = (4°4*)T, u = 0,1,2,3 in the Majorana
representation (1) and fermion statistics of .

The matrices MY = %954# are antisymmetric: M4 T = — MY, and
the axial current J5(x) = ¢(x)M51)(x) can be non-zero.
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Interactions of MF with fundamental fields

Now we consider the possibilities of constructing a functional
describing the v)-field interactions with fields of the Standard
model. If we impose the requirement of locality and
renormalizability of the model in space-time of dimension

d = 3+ 1, then the interaction action cannot be a polynomial
containing v in degree n > 2. If the interaction does not violate
Lorentz-invariance, and if we assume that the action of the
interaction should be Hermite, the direct interaction of the MF
with all spinor fields of the Standard Model appears to be
inadmissible. As a result only scalar Higgs fields and gauge vector
bosons remain as possible interaction partners of MF. Difficulties of
realization of this possibility arise because of the gauge principle of
interactions is fundamental for the Standard Model. It's something
that we'd like one would like not to violate it by introducing into it
the spinor fermion field v without adding to it some additional
properties, as a result of which v loses its neutrality.
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Interaction of massles MF with electromagnetic field

The action functional describing the interaction of the massless
Majorana field ¢ with electromagnetic field A" is proposed as

1 _0/A o
S(A ) = =2 FPF, +93°%(0 — kA% )Y
4

where F# = gFAY — 9¥A* and k is a massless coupling constant.
It is invariant in respect to gauge transformations of the form

P(x) = eI (x), Au(x) = Au(x) + duw(x)

defined by scalar function w(x).

For calculating the Green functions one needs to choose the gauge
fixing. One con do it by using the action functional in the general
Feynman gauge

S(A ;@) = —%F“”FW - %(@A“f +97°(0 — kAY®)  (8)

with gauge defining parameter «.
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Interaction of massles MF with electromagnetic field

The interaction of field A*, ) is described in S(A,); ) by the
coupling matrix V# = k395#5°. The purely photon Green
functions are obtained from generating functional

G(J, &) =c / eSANFIATEY DADY, ()7 = / e*AY) DADy)

G(J, &) with £ = 0. The generating functional of them can be
written as

G(J,0) = C//eis’(A)-i-JADA’ ()= /e;Sf(A)DA
S(A) = —%F’“’FW — Trin(1 — KDy V, A",
=1
Trin(1 — kD V,A") = > k" Tr(Dy V,, A*)?". 9
rin( ”wﬂ);zn’f r(Dy V. A") (9)
Here, in the right hand side of (9), there are not terms with odd
powers of A and G(J,0) = G(—J,0). It is analogously to Furry
theorem of quantum electrodynamic (QED).

Yury M. Pismak On the possibility of using the Majorana fermion ...



Interaction of massles MF with electromagnetic field

Doing the gauge transformation of the integration variables in
expressions for G(J, &) , we obtain the Ward identity for the
generating functional of connected Green functions
W(J, & a) =In G(J,§, a):

0 1o, 0

(7 sy ~ 2020 0y ) W) - 0,04() =00

It follows from translation and Lorenz invariance of considered
model that the mean values of the fields A, are equal to zero.
Therefore, for full propagators and full 3-point vertex it holds

v . 62W(J7§> a)
W35 (x1, x2) = (gju(xl)—(;Jy(X)z)J:g:o’
5 8
WO,Z(Xla X2) = 6§(X1) 5§(X2) W(Ja §7 Oé)‘J:g:O
s 5 9
Wia(x,x1, %) = 6Ju(x) 0&(x1) 0&(x2) W& a)‘J:E:O
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Interaction of massless MF with electromagnetic field

One obtains from (10) that

MW5'5(x1, x2) = ad" 072 (x1, x2), (11)
0?0, Wi's(x, x1, x2) = ar (8(x — x2) Wo2(x1, x) —
—0(x — x1) Wo 2(x, x2)).

These Ward identities are analogous of ones in QED. It follows
from (11) that the photonic Green functions W, o for all n > 2 are
transverse, i.e.

9 WUL---vﬂn

RNE 0 (X1,...,xn) =0.

It holds also in QED.
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Interaction of MF with material plane

Interaction of the field ¢ with material plane x3 = 0 is described by
the defect action

Suer () = [ (X700 (x)dx.
with matrix Q(x3) = Q&(x3). Since Q(x3) and §(x3) have the
dimension of mass, the matrix @ is dimensionless. For

homogeneous isotropic material plane in more general case, the
matrix Q could be presented in the form:

Q = nl+ n7® + 1733 + 733

with [ - identity 4x4 matrix, and real parameters r1, 2, 13, 4.
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Transmission coefficient

The characteristics of the scattering process depend essentially on
the choice of parameters of the model, on polarization, energy and
incidence angle of particles. For the Dirac particles moving
orthogonal to the x3-axes the transmission coefficient K (k) has the
form

K(k) = K (k)sin(9)? + K_(k) cos(9)?, Ki(k) = fi(k)

where k = g°+$ po is the energy, m is the mass of particle, and

fm ax

kmax \/7 / kmax
ext Kmax

f:l:(k) = f(fmax:b fext+> Kmax+; k)

f(k) = f(fmaX, fexts Kmax; k) =

Here, the parameters f,ax, fext, Kmax are positive constants,
0< f(k) < fraxs fmax = f(kmax) = max f(k): ext —
f(ki) = (k) = fmax/2.
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Transmission coefficient for Dirac particle

The function f(q) can be presented as follows

frmax fexed Imax q
f' q — ext — f' Xg ( : ,
( ) fezxtq + (qmax - Q)z m fezxt Amax

1
14 c(x—x"1)2

g(c;x)
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The features of scattering processes for Dirac particle

The parameters of the model can be chosen so that the
transmission coefficient is almost equal to unity at low particle
energy and is almost zero for particles with high energy. One can
choose the parameters and so that at high energies the particles
almost completely pass through the plane, and at low energies they
are almost completely reflected.
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Transmission coefficient for Dirac particle

0.2 0.4 — 0.8 - 0.8 — 1.0
The graphs of the function g(1/4.k/c) by different values of
parameters ¢: 1) ¢c=0.01; 2)c =0.05; 3)c =0.25; 4)c =0.5;
5)c =0.9; 6)c = 2.5.
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Transmission coefficient for Dirac particle
A
2
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Transmission coefficients
Ki((k)) = c1+g(c2+, k/c3+)) cos(9)? + c1_g(co—, k/c3—) sin(V)?

by different values of ¢1+, c1+, c14, ¥
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Transmission coefficient for Dirac particle

The parameters ¢14, o+, C34, U,

1) Cl+ = 0.99, G4 = 0.225, a4+ = 0.01, G- = 0.8, Cr =

0.025, c3_ = 0.1, cos(¥9)? = 0.95;

2) Cl+ = 0.95, G4 = 0.225, G4 = 0.07, G- = 0.9, Cr =
0.25,c3 = 0.5, cos(1)? = 0.55;

3)C1+ = 0.8, Gy = 0.25, G4 = 0.02, Cl— = 0.97 C_ = 0.2, 3 =
0.6, cos(1)? = 0.35;

4) Cl+ = 0.9, G4 = 0.025, 34 = 0.5, Cl— = 0.87 G =

0.0025, c3_ = 0.7, cos(¥)? = 0.9;

5) Cl+ = 0.8, G4 = 0.025, 34 = 0.7, - = 0.7, C_ =

0.0025, c3_ = 0.9, cos(¥)? = 0.9;

6) Cl+ = 0.6, Q4 = 0.25, 34 = 0.7, - = 0.8, C_ = 0.25, 3 =
0.8, cos(19)? = 0.7.
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Conclusions

An analysis of the possibility of generalizations of the Majorana
theory based on the assumption of the realness of this spinor field
has been carried out using the general principles of relativistic
physics. For it the action functional is constructed, which contains
two parameters: one has dimension of mass the second is
dimensionless. It is found the complete solutions of the
Euler-Lagrange equations. An explicit form of the eigenspinors of
the helicity operator is obtained, which can be used as basis
elements in describing the states of the system. In it, in agreement
with the results obtained by Majorana, the ordinary electric current
is zero. The axial current is nontrivial. Its basic features have been
studied and, within the framework of the constructed modification
of Majorana theory, the possibility of participation of the real spinor
fermion field in electromagnetic interactions is demonstrated.
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Thank you for your attention!
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