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Twisted states

Twisted (vortex) states are waves
with well-defined:

• longitudinal momentum, kz;
• absolute transverse

momentum, κ = |k⊥|;
• energy, E = κ2+k2z

2m ;
• angular momentum

projection, lz = m.
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Generation of vortices in strong magnetic field
(
Hc = m2

ec
3/eℏ = 4.4× 1013 G

)
Emission in strong magnetic field
(H ∼ Hc) is mostly twisted
(Maruyama+’22, Pavlov&Karlovets’24).

Stellar nucleosynthesis. Radiative
transfer in astrophysical environments
such as neutron stars, kilonovae etc.
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Gauge of the vector potential

Landau gauge

Aµ = {0, 0, Hx, 0}

Φ(r) ∝ Hn(x̃)e
−x̃2/2ei(pzz+pyy)

x̃ = (x− ρ2Hpx)/ρH

Axial symmetry is not preserved.
No orbital angular momentum.

Symmetric gauge

Aµ = H/2× {0,−y, x, 0}

Φ(r) ∝ ρ̃lLl
s(ρ̃)e

−ρ̃2/2eipzz

ρ̃ = ρ/ρH

Axial symmetry is preserved.
Orbital angular momentum (l)
arises.
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Properties of Landau states in symmetric gauge

R.m.s. radius

⟨ρ⟩ = ρH
√
2s+ j + 1 (1)

Energy

ε2s,j = m2
e+p

2
z+

4

ρ2H

(
s+ j +

1

2

)
,

(2)
s+ j ≥ −1/2
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Twisted photon

Emitted radiation by an electron in
strong magnetic field is mostly
twisted (Maruyama’22,
Pavlov&Karlovets’24)

The photon is described with the
Bessel shape (Knyazev&Serbo’18)

ψκmkz = Jm(κρ) exp[i(mφr + kzz)] (3)
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Kinematics

Conservation laws
εf = εi + ω,

pzf = pzi + kz,

jf = ji +m.

(4)

Energy of the absorbed photon

ω = (sf − si +m)ωc −
κ2

2εsi,ji
, ωc =

eH

εsi,ji
(5)
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First order matrix element

S
(1)
fi = ⟨ef |Ŝ|ei, γ⟩ =

= −ie
∫
d4x jµfi(x)Aµ(x). (6)

jµfi(x) = Ψf(x)γ
µΨi(x). (7)
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Generalized cross section

Cross section

dσ =
dW

L
(8)

Absorption probability

dW =
∣∣∣S(1)

fi

∣∣∣2 L
2π
dpzf∆sf∆jf , (9)

Dependence on κ

∣∣∣S(1)
fi

∣∣∣2 ∝ exp

(
− (κ/κc)

2

2

)
(10)

κc = me

√
H/Hc (11)

Luminosity

L =

∫
d4x

d3p

(2π)3
d3k

(2π)3
v(p,k)w(e)(r,p)w(γ)(r,k), (12)
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Total absorption cross-section, κ
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Total absorption cross-section, ji
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Cross sections for spin transitions, H = Hc
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Cross sections for spin transitions, H = 10−4Hc
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Key results

Twisted photon absorption cross sections are exponentially
suppressed when transverse photon momentum κ > me

√
H/Hc.

Absorption cross sections grow with increasing TAM of the initial
electron and decrease with increasing TAM of the incident photon

Cross sections for “down → up” spin flip are always larger than for
“up → down” flip. It can be the reminiscent of the Sokolov-Ternov
effect.
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QED processes in magnetic field
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Landau states

Squared Dirac equation[
(i∂µ − eAµ)

2 −m2
e + eHΣz

]
Φ(x) = 0 (13)

Spin operator

Σz =

(
σz 0

0 σz

)
= diag{1,−1, 1,−1}. (14)
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Solution to the squared Dirac equation

Φ(x) =


c1Φ+(x)

c2Φ−(x)

c3Φ+(x)

c4Φ−(x)


(15)

Φ±(x) = Ns,jψs,j∓1/2(ρ̃)e
−itεs,j+i(j∓1/2)φ+ipzz

(16)

ψs,j∓1/2(ρ̃) = ρ̃|j∓1/2|L|j∓1/2|
s (ρ̃2)e−ρ̃2/2

(17)

s = 0, 1, 2, ...
j = ±1/2,±3/2, ...

ρ̃ = ρ/ρH
ρH =

√
2/|e|H.
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Solution basis

Φ↑(x) =


Φ+(x)

0

0

0

 , σz =
1

2
, Φ↓(x) =


0

Φ−(x)

0

0

 , σz = −1

2

(18)

Bispinor solution

Ψ(x) = [γµ(i∂µ − eAµ) +me] Φ(x). (19)
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Solution to the Dirac equation

Ψ↑(x) = Ns,j


(ε+me)ψs,j−1/2(ρ̃)e

−iφ/2

0

pzψs,j−1/2(ρ̃)e
−iφ/2

2ρ−1
H iψs,j+1/2(ρ̃)e

iφ/2

 ei(pzz+jφ−εt), (20)

Ψ↓(x) = Ns,j


0

(ε+me)ψs,j+1/2(ρ̃)e
iφ/2

−2ρ−1
H i (s+ j + 1/2)ψs,j−1/2(ρ̃)e

−iφ/2

−pzψs,j+1/2(ρ̃)e
iφ/2

 ei(pzz+jφ−εt). (21)
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Vector potential for twisted photon
Vector potential

AκmkzΛ(r) =

∫
aκmkz(q)eqΛe

iq·r−iωt d
3q

(2π)3
, (22)

aκmkz(q) =
(2π)2

κ
δ(q⊥ − κ)δ(qz − kz)e

imφq . (23)

Normalization∫
V

E2 +H2

8π
d3r = ω ⇐⇒

∫
V

|A|2d3r =
2π

ω
(24)
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Vector potential of the twisted photon

AκmkzΛ(r) =

√
πκ

3ωLR
eikzz−iωt

∑
σ=0,±1

d
(1)
σ,λ(θk)e

i(m−σ)φrJm−σ(κρ)χσ (25)

Wigner matrices

d
(1)
σ,λ(θk) =

1

2
(1 + σλ cos θk), σ ̸= 0

d
(1)
0,λ(θk) =

λ

2
sin θk

Spin operator eigenvectors

χ± = ∓ 1√
2
{1,±i, 0}

χ0 = {0, 0, 1}
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Vector potential in the coordinate space

AκmkzΛ(r) =

√
πκ

3ωLR
eikzz+imφr−iωt×

×

id
(1)
−1Λ(θk)Jm+1(κρ)e

iφr + id
(1)
1Λ(θk)Jm−1(κρ)e

−iφr

d
(1)
−1Λ(θk)Jm+1(κρ)e

iφr − d
(1)
1Λ(θk)Jm−1(κρ)e

−iφr

√
2d

(1)
0Λ(θk)Jm(κρ)

 . (26)
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Photon and electron density profiles
si = sf = 1, H = Hc. Solid lines - j = 1/2, m = 1; dashed lines -

j = 11/2, m = 5
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S-matrix for “up-up” transition

S
(1)
↑↑ =

√
2πκ

3ωLR
ieNiNf (2π)

3ρHδ(εi − εf + ω)δ(pzi − pzf + kz)δjf ,ji+m

[
2
√
2×

×
(
(εi+me)d

(1)
−1Λ(θk)F

jf+1/2,ji−1/2
sf ,si (κρH)−(εf+me)d

(1)
1Λ(θk)F

jf−1/2,ji+1/2
sf ,si (κρH)

)
+ ρHd

(1)
0Λ(θk) (me(pzi + pzf ) + pzfεi + pziεf )F

jf−1/2,ji−1/2
sf ,si (κρH)

]
, (27)

F lf ,li
sf ,si(κρH) ∝ exp

(
−(κ/κc)

2/2
)
, κc =

√
2/ρH = me

√
H/Hc
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Special function F

F ℓ,ℓ′

s,s′(y) =

∫ ∞

0

dxxℓ+ℓ′+1Lℓ
s(x

2)Lℓ′

s′(x
2)Jℓ−ℓ′(yx)e

−x2

=

(s′ + ℓ′)!

s!

1

22(s−s′)+ℓ−ℓ′+1
y2(s−s′)+ℓ−ℓ′Ls−s′+ℓ−ℓ′

s′+ℓ′ (y2/4)Ls−s′

s′ (y2/4)e−y2/4, (28)

(Gradshtein & Ryzhik’63)
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Next values are investigated

σtot =
1

2

∑
Λ=±1

∑
σzf=±1/2

∫
dσ, (29)

σfispin =
1

2

∑
Λ=±1

∫
dσ. (30)
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Luminosity

L =

∫
d4x

d3p

(2π)3
d3k

(2π)3
v(p,k)w(e)(r,p)w(γ)(r,k) (31)

v(p,k) =
pµk

µ

ε(p)ω(k)
= 1− p · k

ε(p)ω(k)
(32)
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Wigner functions

w
(e)
s,j (r,p, t) =

1

(2π)3

∫
Ψ†

s,j(r − y/2, t)Ψs,j(r + y/2, t)eip·rd3y, (33)

w(γ)(r,p, t) =
1

(2π)3ω

∫
E∗

κmkzΛ(r − y/2, t)EκmkzΛ(r + y/2, t)eik·rd3y (34)

∫
w

(e)
s,j (r,p, t)

d3p

(2π)3
= Ψ†

s,jΨs,j (35)∫
w(γ)(r,p, t)

d3k

(2π)3
=

1

ω
E∗

κmkzΛEκmkzΛ = ωA∗
κmkzΛAκmkzΛ (36)
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Sharp minimum of σ↓↑ and σ↑↓

ω↓↑,min ≈ me
H

Hc

Λ

Λ− 1

2(m+ 1)

(1 + ε/me)
, ω↑↓,min ≈ κ2

me

Λ

Λ + 1

(si + ji + 1/2)

m(1 + εi/me)
(37)

jmin ≈
1

2

Hc

H
(m2 − 1)− s− 1

2
(38)
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Generation of vortices
Electron can emit a vortex
photon being

• in an external
magnetic field
(Katoh+’23)

• in a helical undulator
(Katoh+’23)

• in a circularly
polarised laser wave
(Epp+’23, Zhang+’21)

by helical undulator:

by circularly-polarised laserwave:
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